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A bstract
The scattering of acoustic waves by objects in the underwater environment has long been 
of interest in both the civil and defence industries. This thesis addresses the problem 
of scattering by objects having complex geometry and material properties. The work 
reported here has two main strands, each associated with different complexities. Per­
turbations in the shape of cylindrical shells, and the anisotropic reinforcement of planar 
layers, are considered. Attention is focussed upon the resonances of objects.
A Schlieren technique is used to study the resonance behaviour of flooded cylin­
drical shells of varying geometry. A model for predicting the optical image obtained with 
the technique is developed and used to investigate to what extent the optical distribution 
can be considered to be an ‘image’ of the acoustic field. The fluid column resonances of 
circular and elliptical shells are investigated experimentally and are found to be in good 
agreement with theoretical predictions based upon the Normal Mode solution to the 
wave equation. Mode splittings and level crossings are observed in the resonance 
spectra as the eccentricity of the shell is varied. In addition to the main study, experi­
mental results are presented for the resonance modes of another non-circular cylindrical 
cavity having a ‘stadium’ geometry. The backscattering properties of cylindrical shells 
have also been investigated using a parametric array facility and significant differences 
are observed between the properties of circular and elliptical samples.
The parametric array facility has been used to study the transmission properties 
of anisotropic panels. Results are presented for a uniaxial glass-reinforced plastic panel 
insonified at various angles of incidence. A theoretical model is developed for predicting 
the transmission properties of anisotropic laminates and good agreement is shown with 
the experimental measurements when the non-planar nature of the parametric source 
is included in the model. Both experimental and theoretical results show that the 
transmission properties of the anisotropic layer are dependent upon the angle between 
the plane of incidence and the fibre direction. The free modes of vibration of the ani­
sotropic layer are also investigated numerically, and a similar dependence upon 
propagation direction in the layer is observed.
Shape perturbations and material anisotropy are both shown to result in a more 
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Discrete objects, whether they be man-made or naturally occurring in the marine 
environment, are often complex in shape and structure. The way that such objects 
scatter acoustic waves is of great importance in both the civil and defence industries; 
this is because acoustic waves remain the only viable means of detection, location and 
identification of objects in the sea, on the sea-bed or buried below it. Examples of such 
complex structures exist on all scales and include; submersible vehicles, fish, pipelines 
and sediments. Medical applications of ultrasound also encounter structural complexity 
in the human body; again from the microscopic, such as blood cells, to the larger organs 
and bones.
As the technologies involving acoustic systems develop, the capabilities of such 
systems increases and it becomes possible to detect, identify and measure the properties 
of objects with greater accuracy. There is, then, a need to interpret the acoustic signals 
returned from objects and to understand the factors contributing to those signals; not 
only for the purposes of identification but also because such an understanding is 
invaluable in the design of underwater systems.
There are many factors that contribute to the acoustic behaviour of an object and 
which affect the field scattered by that object, or emanating from it. The shape, size and 
material properties of an object are of particular importance. Simple geometries, such 
as spheres and cylinders, made of isotropic homogeneous materials, have been exten­
sively studied in the past, providing valuable insight into scattering phenomena and the 
mechanisms responsible. In particular the role of target ‘resonances’ in acoustic 
scattering has been found to be of great significance. For scatterers of curved geometry 
- such as the spherical and cylindrical shells - resonances of both the internal fluid and 
the elastic shell influence the field scattered by the object. Similarly for the flat plate, 
Lamb waves are of central importance in determining the reflection and transmission 
properties of laminates. The size of a scattering object relative to that of the acoustic 
wavelength also significantly affects the response of the object to an acoustic field.
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The acoustic properties of materials is also an area in which a great deal of research 
has taken place in recent years; it is well known that the properties of m aterials can 
significantly affect the acoustic behaviour of structures. Recent progress in the design 
and manufacture of advanced materials, such as viscoelastic and fibre-reinforced com­
posites, makes the possibility of building strong lightweight structures with prescribed 
acoustic properties a realistic one.
There are other aspects of a scattering structure that influence its acoustic 
behaviour. These include: reinforcement with frameworks and ribs; surface structure 
(including rough and wedged surfaces); thickness variations; inhomogeneities; multiple 
scattering between different objects or different parts of the same object; and anechoic 
coatings and treatments. Most realistic scattering objects possess some, or all, of these 
complications and deviations from the simple ‘model’ problems which have been studied 
in the past (such as isotropic spheres and cylinders).
One consequence of such complexity is the increased number of parameters 
required to describe complex structures, and an associated increase in the number of 
variables in the acoustic problem. Consider for example a reinforced material with the 
fibres running in one direction (a uniaxial composite). Such a material requires at least 
five, often nine, elastic constants to describe its elastic behaviour, instead of the two 
required for isotropic materials. The scattering of a wave by a layer of the m aterial is 
then dependent upon two angles of incidence instead of just one. Such an increase in 
the number of parameters and variables in an acoustic problem often accompanies the 
destruction of symmetry of the structure and the lifting of degeneracies in the acoustic 
response of the object to external excitation.
Theoretical investigation of the acoustics of objects incorporating such complex­
ities have been severely limited in the past by the restrictions imposed by computing 
facilities. Low (or high) frequency approximations often had to be made to facilitate 
solution, severely restricting the range of applicability of many theories. With the ever 
increasing speed and power of modem computing facilities, such complex structures and 
materials are becoming amenable to solution by both analytic and numerical methods.
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Theoretical modelling alone is of limited value unless experimental measurements 
are undertaken to validate the theories and demonstrate their range of applicability and 
their limitations; often some physical aspect of a problem, unaccounted for by theory, 
can have a significant influence on the acoustics of a structure. The huge expense and 
practical complications associated with sea trials highlights the need for good laboratory 
techniques for investigating scattering phenomena. Experimental studies have always 
been relatively few in comparison with theoretical investigations. Experimental studies 
involving all but the simplest geometries and materials, especially so. One reason for 
this is the difficulty of fabricating suitable objects for testing in the laboratory. The size 
and cost of suitable test objects is partly responsible for this. Fibre-reinforced shells, for 
instance, are not so readily available as simple metallic ones.
This gap between modelling (which is now quite advanced) and measurement is a 
wide one. It is one aim of the present study to narrow this gap by conducting parallel 
theoretical and experimental investigations into the acoustics of objects and materials 
of greater complexity.
Different aspects of a complex structure have different effects upon the acoustic 
(or elastic) behaviour of the structure as a scatterer, and the first step in any investi­
gation m ust be to look at these different aspects independently. In this way we hope to 
obtain a better understanding of the phenomena associated with each added complexity, 
build up a picture of how a relatively complex object behaves, determine the causes of 
that behaviour and what can be done to alter that behaviour. So, for example, an axi- 
symmetric shell made of fibrous material and reinforced with ring stiffeners will differ 
from a circular-cylindrical metal shell in its shape, its material (in this case anisotropic) 
and in the presence of the stiffening elements. All of these factors would be expected to 
influence the acoustics of the structure, which may be quite different from the simple 
metal shell whose properties are so well known.
In the present study two complexities have been introduced and studied separ­
ately; the introduction of anisotropy into a material, and the shape deformation of an 
object. Two complementary laboratory facilities, developed at the University of Bath
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and previously used in investigations of planar, cylindrical and spherical geometries, 
have been used in this study. Between them these facilities permit accurate observa­
tions of scattering phenomena to be made over a wide range of frequencies.
A Schlieren technique has been used to locate and identify the resonances within 
cylindrical shells (or cavities) of circular and non-circular cross-section. The visualiz­
ation system produces an ‘image’ corresponding to the acoustic field within the shell and 
has the advantage of allowing not only easy identification of resonances, but also the 
phenomena that cause them. A theory is presented that predicts the image obtained 
using the system. An investigation into the production of the optical field suggests that, 
under certain conditions, the optical image is a good approximation to the square of the 
pressure distribution in the acoustic field, but that in the experimental system the 
relationship between acoustic and optical fields is not so simple. The Schlieren tech­
nique is successfully used to study the resonance contribution to scattering by circular 
cylindrical shells and cylindrical objects of elliptical cross-section. A theoretical model 
for the fluid column modes of circular and elliptical cavities is derived. Experimental 
results for the high frequency fluid column modes of circular shells are also presented, 
and, complementary to the main body of work, preliminary results are given for a ‘s ta ­
dium’ shaped cavity.
A parametric array facility has been used to make preliminary investigations into 
the backscattering from circular and deformed samples of the above mentioned cylin­
drical shells. However, the main application of this facility has been in measurements 
of the transmission properties of fibre-reinforced laminates.
The parametric array utilizes the non-linear propagation of high amplitude 
acoustic waves to produce a short, low frequency pulse, having a narrow beamwidth; 
ideal for measurements involving small test objects in a laboratory tank. This system 
has been adapted to make measurements over a wide range of frequencies (10 -  250kHz) 
and incident angles; the automation of the experimental technique and the use of 
asymmetrical pulses are of particular importance in this respect. The aim of this part 
of the study has been to investigate the effects that anisotropy have on the acoustic
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performance of laminates, to validate the theoretical models used in predicting the 
properties of anisotropic layered media, and to test the limitations of the system as used 
to make measurements on small samples of such materials. The system has previously 
been used successfully to study the reflection and transmission properties of isotropic 
panels and its use in the present study follows naturally from that success. Results are 
illustrated for a uniaxial glass-reinforced plastic panel.
A theoretical model for anisotropic layered media is described. This theoretical 
approach can be used to study many aspects of acoustics pertaining to fibre-reinforced 
laminates, including the plate wave resonances and their contribution to the reflection 
and transmission properties of a layer. Experimental measurements made with a 
specific fibre-reinforced material are presented to illustrate the techniques and com­
parisons with theoretical predictions are made.
The work described in this thesis does not attem pt to answer one particular 
question, but rather seeks to extend our understanding and knowledge in several areas; 
developing parallel theoretical and experimental techniques and procedures, and 
building up a knowledge and expertise of several key issues (shape perturbations and 
anisotropy) that will be needed in future studies involving complex scattering 
geometries. For this reason this document is not arranged in the traditional thesis 
format; the aims are different. In particular we are less concerned with one particular 
application of the work, and more concerned with the physics of scattering phenomena 
and the experimental techniques used to investigate them. Literature relevant to the 
study is reviewed in appropriate places throughout the document. Similarly, the 
theoretical models used, and results obtained, are divided between the main chapters 
of the document. Many of the theoretical details have been placed in appendices at the 
end of the document. With the exception of the occasional illustration tha t is more 
meaningful in the text, all figures are collected together at the end of each chapter.
Chapter 2 reviews the acoustics of simple structures pertinent to the work; both 
planar and cylindrical geometries are considered. This chapter provides the background 
and context for the remainder of the thesis. Chapter 3 describes the Schlieren visual­
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ization system  and C hapter 4 the param etric a rray  facility. C hapter 5 describes the 
resonance behaviour and backscattering properties of circular and elliptical cylindrical 
shells, and C hapter 6 describes the work involving p lanar anisotropic layers. C hapter 
7 sum m arizes the study, draws conclusions from this work, and discusses the fu ture 
progression of the  work, including the extension to other complexities.
Introduction
S im ple  f  j  S t ru c tu re s
P a ra m e tr i c
Array
Facility
Sch l ie ren
Visualization









2 A co u stics  o f  sim ple geom etries
2.1 Introduction
Scattering from structures of simple geometry, such as infinite isotropic plates, cylin­
ders and spheres, has been studied in great detail during this century. Recent reviews 
have been given by Veksler (1993) and Beckett (1992); other references of particular 
relevance will be given in later chapters. Although these ‘idealized’ or ‘model’ scatterers 
do not always exist in the marine environment, they provide valuable insight into 
scattering phenomena and without them we would have no idea what processes con­
tribute to the scattering by more ‘realistic’ scatterers. Indeed without a knowledge of 
the scattering phenomena and mechanisms observed for simple structures, it would be 
difficult to even formulate, let alone solve, more complex problems. Sometimes the 
theoretical techniques developed for the solution of these model problems can be applied 
to more complex scattering problems. Often, however, the techniques m ust be extended, 
or new techniques developed - particularly where different wave phenomena occur.
Of particular importance in determining the acoustic behaviour of a structure are 
its shape, and its material properties. Many structures in the marine environment are 
comprised of elastic materials in the form of layers of material in various geometries.
In this chapter discussion centres upon two idealized problems; that of the infinite 
isotropic planar layer and the infinite isotropic circular cylindrical shell. These are 
essentially the simplest one-dimensional (flat) and two-dimensional (singly curved) 
‘layer’ problems that can be envisaged; the three-dimensional doubly curved spherical 
geometry, equally simple and also much studied, is not considered here. The aim of this 
chapter is to introduce the important concepts involved in scattering from these struc­
tures, and to give some physical interpretation of the results. We concentrate here on 
the free modes of vibrations, plane wave excitation, and their interaction as ‘resonances’ 
of the scattering target. Simple theoretical models are used to predict the scattering 
behaviour and the results are illustrated with examples that are special cases of the 
scattering geometries discussed later in the thesis.
2.1 Introduction
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The remainder of this thesis concerns itself with the consequences of deforming 
the cylindrical shell, introducing anisotropy into the planar layers, and the two 
experimental techniques which have allowed us to investigate such complexities.
2.2  Planar geometry
The interaction of an acoustic wave with an isotropic layer is a much studied problem. 
Of particular importance are the reflection and transmission properties of layers. In 
many underwater applications structural components consist of flat layers, or can 
approximate flat, infinite, layers; although in practical situations the layers may be 
finite in extent and have edges or curvature that must also be considered.
It is within the context of the flat layer that the m aterials’ influence upon the 
acoustics of a structure are often considered; layers having prescribed acoustic prop­
erties are often used in damping and anechoic applications. It is the properties of the 
material and the dimensions of the layer (relative to the wavelength) that determine 
the acoustic response of the layer, or structures incorporating the layer.
This section briefly summarizes the acoustics of the planar layer, concentrating on 
details pertinent to the study described in Chapter 6 .
2.2.1 Acoustics of planar layers
The stiffness m atrix 1 (C) for an isotropic material has only two independent elements
and the elastic isotropy condition (C12 = Cn -  2C4 4) ensures the material properties are the 
same in all directions (all directions are equivalent). For a plane wave of angular fre­
quency co propagating in any such general direction in a medium of density p, the elastic 
wave equation for displacement U,
CuV ( V . i / ) - C 44V A ( V A t / )  = p(7 = —pco2U, (2.1)
1 A second rank tensor in the Veduced subscript notation’ described in Appendix C l. 
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allows two degenerate shear waves (U,) and one compressional wave (Ut) to propagate.
The shear waves have displacement vectors perpendicular to the direction of propaga­
tion and the compressional waves have displacement parallel to the propagation 
direction.
The zero curl property of U, reflects the absence of tangential displacements and
allows us to write U, as the gradient of a scalar potential (f/) = VQ, where £ obeys 
Helmholtz’ equation (V2£ + kfC, = 0 ), with kt = co/c, and c, = ^ C n/p. The zero divergence 
property of Ut reflects the absence of displacements normal to the wave-front and allows 
us to write Us as the curl of a vector potential (U, = V a  w ) which also satisfies Helmholtz’
equation (V2h> + k]w = 0 ), with ks = co/c, and cs = yC Jp. These equations can also be 
obtained by successive application of the curl and div operators to equation (2 .1 ). The 
total solution is then written
U  =  U, + U s = VC +  V a  w . (2 .2 )
Consider now a single layer of isotropic material (Figure 2 . 1 ). The displacements 
and stresses within the layer can be found from the potentials of the compressional and 
shear waves that propagate in the material. Within the layer, due to multiple reflections 
at the boundaries, there will exist waves with positive and negative z dependence, 
symmetric about the centre of the layer. For a planar layer the potentials can be written
+C-e
-iy,z W a x
(2.3)
'V  ~ ' V ) iax w = I w+e +w_e \e
where yltJ =*^(^f- a 2). Using the definitions of (2.2) and (2.3), along with the stress -
displacement relations, a matrix relation between displacements and stresses at the 
upper (1) and lower (2) interfaces can be derived (Brekhovskikh, 1980);
'11 '12
V^ 21 2^2)
( u * (2.4)
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where U1,2 and are vectors of the displacements of the upper and lower interfaces
respectively, <t’2 are vectors of the corresponding stresses within the layer at the 
interfaces, and x,y are submatrices whose dimensions depend upon those of U and *1 For 
vertically polarized waves in an isotropic material only two components of displacement 
and stress need be considered; U -  (Ux, Uz) and T= (%„%). In this case, each submatrix 
(Ty) is of order two. The displacements and stresses at the upper and lower interfaces 
of a multilayered structure are easily obtained by successive application of (2.4). The 
plane wave reflection and transmission coefficients (91, n) of the layer can be calculated 
from the normal displacements of the upper and lower interfaces respectively;
™ P /°2 i P /°2 2 (2'5)= l + ^ r-U  and n  = ~ ~ U ]  
i y  i y
where y= ’\jk2-<x2 and k is the wave number of the incident wave. The coefficients can
be expressed on a log scale as reflection and transmission losses (e.g. - 2 0  log10(n)).
To illustrate this analysis consider the transmission properties of an isotropic 
layer. Figure 2 . 2  shows the variation of transmission loss with both frequency and 
incident angle for an isotropic elastic layer of thickness 11.4mm, density 1660kgm~3 and 
velocities 1474m.s_1 and 2841 ms~\ The material properties of this layer are essentially 
those of glass-reinforced plastic in one particular, rather special plane: the plane normal 
to the fibres (the transverse plane). This is the material that will be discussed fully in 
Chapter 6  when we consider anisotropic media. Only in this plane would the material 
be expected to behave like an isotropic material. The lighter portions of the figure 
represent regions of high transmission loss.
The plane wave transmission and reflection properties of the isotropic elastic layer 
have been much studied and are well understood. The dependencies on frequency and 
incident angle are associated with the excitation of plate waves, or resonances of the 
layer. A good interpretation of transmission and reflection by the isotropic layer has
2.2.1 Acoustics of planar layers
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been given by Fiorito, Madigosky & Uberall (1979), and later extended by Freedman 
(1982). In this formalism transmission features are seen to arise from interference 
between overlapping resonances of the layer.
2.2 .2  Resonances
The variations of transmission loss seen in Figure 2 . 2  are, in part, caused by the res­
onance behaviour of the layer. We shall consider here the case of the free waves, these 
being modes of vibration that exist without external excitation of any kind.
The simplest case which can be solved analytically is a single layer of isotropic 
material with free boundaries. There are two distinct kinds of free wave tha t can 
propagate in the unloaded layer; those having particle displacement parallel to the layer 
and perpendicular to the wave propagation direction, known as Love waves; and those 
having particle displacement in the plane normal to the layer, known as Lamb waves.
2.2.2.1 Love waves
A wave propagates along the plate in the x direction (Figure 2 .1 ) and has particle dis­
placement perpendicular to this in the plane of constant z, i.e. along the y axis. Such a 
wave is a shear type wave. Solutions of the wave equation with appropriate boundary 
conditions imply the existence of two cases; normal modes (labelled n) whose displace­
ments are symmetric with respect to the midplane of the layer, occurring when 
Y,=n(n/d) n =0,2,4... etc, and antisymmetric modes occurring when n = 1,3,5... etc. 
Here d is the layer thickness and 7 ? = where %n is the wave number of the n,h
mode (propagating in the x direction). Thus for both symmetric and antisymmetric 
modes the phase velocity is given by
(2 .6)
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From this equation we deduce tha t there is a cutoff frequency (v„d = ncJ2) below which
damped by fluid loading; the normal components of displacement are zero and so waves 
cannot be generated in any bounding fluid due to the motion of the layer surfaces.
2.2 .2 .2  Lamb waves
ments in the vertical (xz) plane, i.e. Uy = 0 . Solutions of the wave equation and boundary
equations, they can be solved numerically to find the phase velocity of each mode
Vn >c,> cs all four waves are homogeneous and the plate wave propagates faster than 
compressional waves in the material. If c, > Vn > c, then y, is imaginary and the two 
compressional waves will be surface waves. If c,>cs > V" then both compressional and 
shear waves are surface waves and the plate wave is concentrated near the boundaries 
of the layer.
the mode cannot propagate (i.e. %n becomes imaginary). Notice that Love waves are not
Lamb waves are those plate waves propagating along the layer (x axis) with displace-





where ysj = These dispersion relations are known as the Rayleigh-Lamb
{Vn = &/%") a t a given frequency. Each normal mode (n) can be considered to be the 
superposition of two compressional and two shear plane waves propagating along the 
plate with the same velocity and at a given angle to the midplane. For the case where
2.2.2 Resonances
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The symmetric and antisymmetric dispersion equations each have one mode which 
exists for all values of frequency and layer thickness: the symmetric mode, denoted S0, 
which is not dispersive as cod —»0; and the antisymmetric mode A0 which is dispersive; 
the phase velocity tending to zero as the frequency tends to zero. All the higher order 
normal modes, S, and A, (/ > 1) have cutoff frequencies below which the modes do not 
propagate (the phase velocity is imaginary). The cutoff frequencies are given by 
(od/Ci = mz with n odd (symmetric), n even (antisymmetric) and (idle, = tin with n even 
(symmetric) and n odd (antisymmetric); these correspond to waves having an integral 
number of wavelengths (compressional or shear) across the plate, and an infinite phase 
velocity.
Computer programs have been written to find the roots of (2.6) and (2.7) and hence 
obtain the dispersion curves for an isotropic layer. The elastic layer described earlier, 
whose transmission properties were given in Figure 2 .2 , was studied; the Lamb and 
Love wave dispersion curves are shown in Figure 2.3. The behaviour seen in this figure 
is well understood, and it is known that many of the modes of vibration can be excited 
by incident waves and are major contributors to the transmission and reflection prop­
erties of the layer. The free modes of vibration (resonances) of this elastic layer will be 
dealt with in greater detail in Chapter 6 .
2.2 .2 .3  Fluid loading
As mentioned above the fluid loading of the layer has no effect on the Love waves that 
propagate in the plate. For this reason it is not possible to excite Love waves with an 
incident plane wave; the Love waves shown in Figure 2.3 do not influence the trans­
mission behaviour shown in Figure 2.2. The Lamb waves however have components of 
displacement normal to the surface and so are able to transm it energy into the fluid. 
The normal modes are then known as ‘Leaky Lamb’ waves; the phase velocities are 
complex and the modes in the plate are ‘damped’ by the fluid loading. In this case the 
phase velocity is given by V" = toIRefe") and the attenuation of the mode and ‘width’ of 
the resonance are characterized by
2.2.2 Resonances
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Dispersion equations for these ‘leaky’ modes have been obtained (see for example 
Plona, Behravesh & Mayer; 1975) and the theory implemented during this study, they 
will not however be presented here; a more general method for solving for the normal 
modes will be given in Chapter 6 . In addition to the Leaky Lamb waves of the fluid 
loaded layer, there exist other waves known as Stoneley waves which are pure interface 
waves having exponential decay in both directions normal to the interface. Stoneley 
waves carry most of their energy in the fluid and propagate along the interface 
undamped. On the flat layer they can only be excited a t glancing incidence and are 
therefore not generally excited by an incident plane wave. On curved surfaces, however, 
such modes can be excited.
The excitation of Leaky Lamb modes by an incident plane wave principally occurs 
when the trace of the velocity of the incident wave equals the plate wave velocity of a 
mode. This happens when the wave is incident at an angle 0  to the layer normal, where
0 = sin-1f SL
\ V nj
(2.8)
From this expression we note tha t an incident plane wave cannot excite modes having 
a Lamb wave velocity less than that of the velocity in the fluid (cy).
2.3 Cylindrical geometry
If, instead of being flat, the scattering object has a curved geometry, the acoustic 
behaviour can be quite different to that described above and can be highly dependent 
upon the shape of the object. The simplest two-dimensional cases are those having a 
circularly cylindrical geometry.
2.3.1 Normal Mode Series approach
The first scattering problem of cylindrical geometry to be studied was the rigid circular 
cylinder. Solutions for elastic cylinders and circular cylindrical shells (both evacuated 
and fluid filled) were soon obtained and extensive theoretical and experimental
2.3.1 Normal Mode Series approach
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investigation has been undertaken in the last few decades. Both normal incidence and 
oblique incidence have been studied. All the important results have recently been col­
lected together in a book by Veksler (1993). In the present work we are only interested
nature of the scattering geometry (Figure 2.4) results in a scattered field that is a
Here a is the outer radius of the cylinder, Pin is the incident pressure and Plc is the
scattered pressure. In underwater applications it is often the backscattered form 
function /(°°, rc) that is of interest. One commonly used method for calculating the 
scattered pressure is the Normal Mode Series solution. Writing Helmholtz’ equation in 
polar coordinates we obtain general solutions for the scattered pressure Psc and the 
pressure in the fluid column Pfl
where e„ equals 1 if n = 0 and 2 if n > 0. The coefficients An and B„ are determined from
the boundary conditions imposed at the inner and outer interfaces of the shell.
The Normal Mode Series approach is easily generalized to geometries comprising 
multiple layers, although the current study concerns itself only with single layered 
structures. Figure 2.5 shows the backscattered form function for a brass cylindrical 
shell having radii of (b ) 14.25mm and (a) 15.85mm (hence b/a =0.90). This is the same 
cylindrical shell that is the object of the study described in Chapter 5. As with the planar 
layer, many of the features are associated with resonances of the target.
in plane wave incidence normal to the cylinder axis. In this case the two-dimensional
function of both frequency and observation position and whose behaviour is commonly 
expressed in the "form function’;
(2.9)
Pm = P0 ^ z „ r B n(ka)Hl(kr)co&(n^)
n
and (2.10)
Pfl = P„ I  tJ"An(ka)Jn(kr)cos(n§)
n
2.3.1 Normal Mode Series approach
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2.3 .2  Resonances
Resonance Scattering Theory (R.S.T.) (Flax, Gaunaurd & Uberall, 1981) provides a 
connection between the normal modes of vibration (or resonances) of a target and the 
amplitude of the acoustic waves that the target scatters. In R.S.T. the scattered field 
is considered to be that due to a rigid target, except at frequencies that are equal (or 
close) to resonances of the target. In this case, the incident wave excites a resonance 
which in turn  influences the scattered wave, manifesting itself as a sharp change in the 
scattering amplitude at that frequency. Thus the scattering amplitude as a function of 
frequency consists of a smooth background term (rigid scattering) with a series of sharp 
peaks and troughs (resonances) superimposed upon it.
Three distinct classes of resonance have been isolated; resonances of the fluid 
column, resonances of the elastic shell and resonances due to the propagation of Stoneley 
waves. The Stoneley waves are surface waves propagating around the cylindrical shell 
with most of their energy concentrated in the fluid. The Stoneley and shell resonances 
are closely related to the modes of vibration of a fluid loaded planar layer, as discussed 
in section 2 .2 .2 . Of these three kinds of resonance, the fluid column resonances are the 
most abundant. In essence, the resonance behaviour of the cylindrical shell can be 
thought of comprising the resonance behaviour of a flat layer, bent into circular 
geometry, plus the resonance behaviour of the fluid column that this layer then encloses 
(except or course if the cylinder is evacuated).
In Figure 2.6 calculations of the magnitude of the pressure field are shown for the 
shell insonified by plane waves at different resonance frequencies. Examples of each 
kind of resonance mode are illustrated; the field in both the internal and the external 
fluids are shown. At resonance the pressure in the fluid column is far greater than that 
in the incident and scattered fields, and this provides a good way of locating and 
identifying the resonance modes of the shell.
2.3.2 Resonances
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2 .4  Laboratory investigations
A variety of experimental techniques have been employed for investigating and char­
acterizing the acoustic properties of materials and structures in the underwater envi­
ronment.
Two laboratory techniques widely used for measuring the properties of materials 
are the impedance tube and free field measurements. Impedance tubes have the 
advantage that they can be pressurized, but do not conveniently allow measurements 
to be made on samples at different incident angles.
The use of a parametric array in free field measurements is now quite widespread. 
One advantage of this technique is the narrow beamwidth of the source, allowing 
measurements to be made using small test samples in a laboratory tank. The system 
developed at Bath has been used to study the transmission and reflection properties of 
isotropic panels, wedged materials, rib reinforced plates, and the scattering by spheres, 
solid cylinders and both air and water filled cylindrical shells. In all these applications 
the technique has proved itself to be of great value in understanding the acoustic 
properties of these structures. A fuller review of the experimental system and 
measurement technique are given in Chapter 4.
The acoustic behaviour of cylindrical shells has previously been studied mainly 
from a scattering perspective. Although, from theoretical work, it is known tha t target 
resonances are important in the scattering behaviour, there has been very little 
investigation into these resonance modes themselves.
One technique that has been developed at Bath and successfully used to study 
resonance behaviour of circular cylindrical shells is the Schlieren visualization tech­
nique. This technique allows the acoustic fields in, and around, a resonating structure 
to be directly visualized in a non-invasive manner. The experimental system and 




In the previous sections we have discussed the aspects of scattering by planar and 
cylindrical geometries that are pertinent to this work. In particular we have noted the 
role resonances play in determining the acoustic response of a structure. Any regularity 
or symmetry in a scattering system will give rise to resonances in the acoustic response 
to an incident wave. To a good approximation the resonances can be identified with the 
free vibrations of the object. For the flat plate and cylindrical shell resonances occur in 
the form of waves that travel along (or around) the elastic layer, or along the interfaces. 
For the circular cylindrical shell there also exist resonances of the enclosed fluid column, 
these being the most abundant.
As discussed in the introduction, realistic scattering objects are not perfectly 
circular cylindrical shells made of homogeneous, isotropic materials; for man-made 
structures it is not even desirable that they should be so. So the question arises; how 
are the physical phenomena observed for simple structures affected when we consider 
scattering by more complex structures? Conversely, how can the acoustics of a structure 
be altered by altering its material properties and its geometry. These two aspects in 
particular are of considerable importance in the design of structures in the marine 
environment.
The equivalence of all directions in the plane of the flat layer (i.e. the azimuthal 
incidence angle <{>) means there is symmetry in the acoustics and suggests degeneracies 
exist in the free modes that propagate in the layer1. Similarly for the cylindrical shell; 




1 The sam e modes propagating in different directions are obviously identical in every respect. 
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In both cases the acoustics is invariant with respect to <J> (i.e. all directions in the plane
of the page are equivalent). The two cases that will be discussed in this thesis involve 
the destruction of these symmetries by introducing a <|> dependence into the problem; for 




In scattering measurements involving such structures, the orientation (<J>) of the object 
with respect to the incident beam is now of great importance.
The theoretical approaches described in this chapter cannot be applied directly to 
these problems, but must be either extended or replaced by other, more general methods. 
Although many numerical techniques exist which allow scattering from complicated 
geometries to be investigated, such techniques do not provide much insight into the 
mechanisms responsible for the behaviour predicted by the models. For this reason it 
was decided to follow analytical approaches to solving these problems.
Whatever mathematical methods and models are used in predicting the acoustic 
behaviour of structures, there is always a need for accurate experimental studies to 
validate and supplement the theories. In the next two chapters we describe the two 
experimental techniques used in the present study.
2.5 Discussion
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Figure 2.4 Scattering of a plane wave by a circular cylindrical shell.















Figure 2.6 Resonance scattering by a brass cylindrical shell; theoretical predictions of 
p ressure m agnitude. Clockwise from top: (3,4) fluid column mode (kb = 14.66), (4,3) 
fluid column mode (kb = 12.78), n=3 shell resonance (kb = 7.29), n=6 Stoneley wave res­
onance (kb = 1.99) and (2,2) fluid column mode (kb = 6.92).
Figures
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3  S ch lieren  v isu a liza tion
3.1 Introduction
The Schlieren technique allows acoustic fields in a fluid to be ‘visualized’ optically. In 
particular it allows us to study the resonance and scattering behaviour of cylindrical 
objects in detail, and, importantly, in a non-invasive way. In the previous section we 
presented theoretical predictions of the acoustic fields both inside and outside insonified 
cylindrical shells at resonance (Figure 2.6). Very distinctive resonance patterns were 
evident; individual modes, and classes of resonance (fluid column modes, shell reson­
ances and Stoneley wave resonances), can easily be identified by studying such images. 
For targets having translational symmetry the Schlieren technique potentially provides 
a means of obtaining such ‘images’ experimentally, and, therefore, of identifying the 
resonances and the resonance spectrum of the scattering object.
The Schlieren technique is sensitive to any phenomena th a t produce refractive 
index changes in the medium through which the light beam passes. It has mainly been 
used in the visualization of high speed air flow and in underwater ultrasonics. Toepler 
(1867) was the first to use the Schlieren technique to visualize the sound waves emitted 
by an electric spark (in air). The earliest known application to the visualization of 
ultrasound is Tawil (1930) who obtained images of ultrasonic waves in gasses. More 
recent applications of Schlieren in underwater acoustics have involved the visualization 
of acoustic scattering phenomena, see for example1 Neubauer (1973) and 
Newman (1973). In particular, the pioneering work of Neubauer and colleagues pro­
vided valuable insight into the mechanisms involved in scattering by planar and curved 
surfaces, including cylindrical structures.
Much of the work involving Schlieren has been performed a t frequencies well above 
a megahertz. Although visualization at these frequencies can be achieved with mod­
erate ease, using a variety of experimental techniques (based upon Schlieren), individ­
ual wave-fronts have not normally been resolved. In addition, for ka ranges of interest
1 Other references to the use of Schlieren in scattering studies are given in Chapter 5. 
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in the marine environment, extremely small scale models of scattering objects would be 
required if studies were to be undertaken in the megahertz region. With the aim of 
studying scattering by discrete objects of reasonable size at low ka, a low frequency 
Schlieren system was developed at the University of Bath (Knapp; 1987, 1988a, 
1988b, 1988c, 1989). This system allows the visualization of pulsed and continuous 
acoustic fields down to about 100kHz, and has been used to study scattering and reson­
ance behaviour of circular cylindrical objects (Knapp & Humphrey, 1989; Humphrey, 
Knapp & Beckett, 1991). The same experimental system has been used in the current 
study.
There has always been some uncertainty as to how the images obtained with the 
Schlieren system are to be interpreted. Two aspects of particular concern are the effects 
tha t the spatial filtering arrangement and acoustic pressure have upon the image. 
Under certain conditions the optical field produced by an ideal Schlieren system is 
known to approximate the square of the acoustic pressure field. In previous studies 
(Humphrey, Knapp & Beckett, 1991) images obtained with the Schlieren technique have 
been compared directly with contour plots of the square of the pressure distribution. 
Unfortunately the acoustic pressure in the fluid column is unknown, and thus the 
validity of this comparison was uncertain. One of the major aims of the study described 
in this chapter is to investigate this relationship between acoustic and optical fields. We 
present a theoretical model for the optical distribution tha t constitutes the Schlieren 
image of an acoustic field. Computed results for the fluid column resonance modes of a 
circular cylindrical shell are presented and compared with images obtained from the 
experimental system. The theoretical results are compared with the pressure squared 
approximation to test its validity.
The use of the technique for studying the resonance behaviour of fluid filled 
cylindrical cavities of various geometries is discussed, prior to the use of the system for 
the more detailed study described in Chapter 5. Results are also presented for high 
frequency modes of the circular cavity, and, supplementary to the main body of work
3.1 Introduction
3.2 Schlieren: principle and experimental system 26
described here, results for a cavity of ‘stadium’ geometry are presented and discussed.
The application of this technique to the study of cylindrical shells of elliptical 
geometry is postponed until Chapter 5.
3.2  Schlieren: principle and experimental system
In this section we discuss some of the aspects of the Schlieren technique and experi­
mental arrangement pertinent to the present work.
The principle of Schlieren is that light is refracted as it passes through an acoustic 
wave-field in a fluid, since areas of different fluid density present a different refractive 
index to the light. This interaction of an optical wave with an acoustic wave has been 
the subject of much study since the effect was first explained by Raman and N ath in 
1935. More recent discussions of the interaction include those by Klein and Cook (1967) 
and Van Den Abeele and Leroy (1990). It is known that if the intensity of the acoustic 
field is sufficiently low, the diffraction effect is small and the fight suffers only phase 
variations (Raman-Nath diffraction). The acoustic field can then be considered to be a 
‘phase grating’ which produces an interference pattern tha t contains information about 
the acoustic field. This information can be processed to produce an ‘image’ correspon­
ding to the acoustic field. For a given wavelength of fight, piezo-optic coefficient and 
interaction length, the relationship that this image has with the acoustic field depends 
upon the optical processing applied in the diffraction plane, and the amplitude of the 
acoustic pressure field through which the fight passes.
The experimental arrangement (Figure 3.1) is based upon a standard 
‘Z’ configuration. A pair of condensing lenses focus the fight from a high power fight 
emitting diode onto a pinhole1, which acts as an ‘effective’ optical source. The fight 
transm itted by the pinhole is collimated by the first parabolic mirror and passed through 
the water-filled tank containing the acoustic field. A cylindrical lens is placed between 
the pinhole and the mirror to help reduce the aberration caused by using parabolic 
mirrors off-axis.
1 Or an array of pinholes.
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The source of acoustic waves in the water is a transducer placed with its axis 
perpendicular to the light beam. The light emerging from the tank is focussed by the 
second parabolic mirror, and forms a diffraction pattern in the focal plane of tha t m ir­
ror1. In the absence of an acoustic field an image of the pinhole is observed in the focal 
plane. If an acoustic field is present, the diffraction pattern  contains side orders which 
contain the light that has been deflected out of the main beam.
The acoustic and optical components of the system electronics are shown in 
Figure 3.2. The system can be used in two different modes; continuous and pulsed. In 
the continuous mode of operation both the acoustic transducer and the optical source 
are driven continuously. In the pulsed mode, the light source is pulsed in synchroniz­
ation with the acoustic source, allowing pulses to be visualized; by varying the delay 
between the acoustic and optical pulses an acoustic pulse can be observed as it 
propagates in apparent ‘slow motion’. The pulsed mode of operation is particularly 
informative when studying scattering by hollow cylindrical structures, although results 
are not presented here.
If Raman-Nath diffraction is assumed then a uniformly bright image would be 
obtained were all the light in the focal plane used to form an image. This is because the 
light emerging from the tank has only phase variations and is not altered in amplitude. 
If, however, a part of the diffraction pattern is removed by a spatial filter, and the 
remaining light allowed to recombine, a meaningful ‘image’ can be obtained on film or 
video. The type of image produced, and its relationship to the acoustic field, is critically 
dependent upon the filtering applied in the focal plane. Two common filtering methods 
are zeroth order filtering and ‘knife-edge’ filtering (the removal of half of every diffrac­
tion order by a straight edge stop), both of which have advantages and disadvantages.
At low frequencies the resolution of the diffraction orders can become problematic. 
The separation of the orders (0  in the focal (transform) plane is given by
1 The Schlieren diffraction effect is integrated along the optical path and so any variations of the acoustic wave-fleld 
along this path are averaged out in the diffraction pattern (and final image).
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kh  (3.1)
K ’
where h is the focal length of the second mirror and k is the optical wave number. Thus,
for light of a fixed frequency and mirrors of fixed focal length, the order separation 
decreases with the acoustic frequency, and orders begin to overlap due to their finite 
size. Whilst the use of smaller pinholes results in narrower diffraction orders, it also 
reduces the amount of light passing through the system. For this reason arrays of 
pinholes are sometimes used to multiply the light and produce narrower orders1. 
Currently in use are an array of eight lOOp^ n pinholes and an array of eighteen 50p/n 
pinholes. The use of a laser as the optical source was investigated but was found to 
result in significant optical interference effects (due to the coherence of such a source). 
When multiple pinhole arrays are being used, zeroth order spatial filtering is achieved 
by using a matching array of spatial filters. Aberrations2 in the system result in 
distorted diffraction orders, and so close-up photographs of the pinhole images without 
an acoustic field in the tank are used as spatial filters for the multiple pinhole arrays. 
The arrays had a random basis, so as to minimize the inevitable overlapping between 
the side orders of one pinhole pattern and those of another. Knife-edge filtering is not 
possible with multiple pinhole array sources.
A parallel theoretical and experimental investigation into the effects of spatial 
filtering, and the acousto-optic interaction, was previously undertaken by Knapp 
(1988a) for the case of a one-dimensional progressive wave. This study showed that as 
the acoustic pressure amplitude varies, the amount of light falling into the different 
orders in the diffraction plane varies, causing the image to change. For certain values 
of the pressure, the zeroth optical order completely disappears as all the light is 
diffracted into the higher orders. As this is tantam ount to changing the spatial filtering 
arrangement, the optical distribution would be expected to change accordingly; this was 
shown to be the case. Results for zeroth order filtering indicated that, at low pressure
1 Incoherence of the light source prevents unwanted interference effects.
2 A discussion of the aberrations in the system and the steps taken to minimize them is given in Knapp (1987-1989).
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amplitudes, the optical distribution varies as the square of the acoustic pressure, but 
changes markedly as the pressure is increased. Knife-edge filtering on the other hand 
produces an optical field whose intensity varies linearly with pressure over quite a 
broad range of pressures.
For standing waves the situation is not so simple. At certain places in an acoustic 
standing wave, the pressure amplitude is always zero, and we would expect that light 
will pass through the field undeflected in these regions, so tha t the zeroth order would 
never completely disappear. Additionally, in the standing wave fields of interest in the 
current study, the acoustic fields are two-dimensional and the pressure amplitude 
varies from place to place, potentially creating a very complex dependence of the optical 
field on the acoustic field. Additionally, there is a progressive wave component present, 
which further complicates matters.
For these reasons a more general theoretical investigation into the acousto-optic 
interaction, applicable to two-dimensional fields, was required. The details of this 
investigation, which is based, in part, upon that of Beckett & Humphrey (1989a), are 
now given.
3.3 Optical field: theoretical model
An exact theoretical expression for the optical image of any two-dimensional acoustic 
field visualized with an ideal Schlieren system is derived. Figure 3.3 shows the locations 
of the planes in which the various optical fields are calculated.
Any acoustic pressure field within the fluid can be written
P„(L J )  = e~'mp (r )e , m , (3.2)
where p is the spatial part of the pressure amplitude, and 8 is its phase. Under
Raman-Nath conditions, the acoustic pressure field produces phase variations (a) in the 
light wave that passes through it. These phase variations are proportional to the real 
part of the pressure distribution;
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and where k is the optical wave number, (3p/3p), is the adiabatic piezo-optic coefficient,
and L is the acousto-optic interaction length (which is approximately equal to the width 
of the transducer face). The parameter va, known as the Raman-Nath parameter, is 
dependent upon the acoustic pressure (p ) and the strength of the acousto-optic 
interaction. It can be written v0 = sp, where s = K(dp/dp)sL is a constant for a given 
experimental arrangem ent1.
The optical field emerging from the tank (i.e. in the object plane) can then be 
written
where rj is the coordinate vector in the transform plane. The diffraction pattern observed
A spatial filter, 3(rj), placed in the transform plane removes part of the optical field, 
leaving the transm itted field (Er );
E ( b t )  = E .e ,a = E.e isp cos 8 cos <ai isp sin 8 sin cof (3.5)
or, by expanding the exponentials in series of Bessel functions,
E(r_,t) = E0 'L imJm(sp cos 5 )e‘ma* J<Jn(sp sin5)^,nMr. (3.6)
m n
After reflection in the mirror (M2) the optical field in the transform plane is given by 
the spatial Fourier transform (FT) of E ,
E M J )  = Ea I  ime ,in+m)<*FT{Jm(sp cos5)Jn(sp sin5)} , (3.7)
in the transform plane is given by et e;, where Ej is the complex conjugate of Ej.
1 Assuming^ to be constant, which is not strictly true for divergent beams. 
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M v )  =  £ , X i V (’ , ' 1" H „  ; X™(T1) = S(T\)FT{JJsp cos5)J„(Sp  sin 5 )} . (3 8 )
m yn
The transm itted waves then pass through the imaging lens, to produce the final optical 
field in the image plane. This field (£,) is the inverse Fourier transform of £r ,
E,(r’, t )  =  FT-\Er ) = E c i r e ^ ' ^ F T - ' i K ^ i r ] ) } .  (3'9)
m ,n
The intensity of the final image is given by
I ( r ' , t ) = E , E ; = E t  S  i me i(m*n- p - ^ F T - \ x m ) [ i pF T - \ X J } ,  (3 ’10)
m ,n ,p ,q





in which only terms havingm + n - p  - q  = 0 will contribute. The expression then
I(r') = EZ'LFT-,(Xmn)'Li'FT-'\X„_,'nU) ;  ( l = m - p ),  ( 3 ' U )
m ,n
which can be shown to be real. This then is the final optical intensity distribution seen 
in the image plane, for different spatial filtering arrangements described by the 
function 3.
3.4  Implementation
A computer code was written1 to numerically implement the theory described above, and 
has been used to predict the optical distribution resulting from different acoustic fields, 
pressure levels, and spatial filtering arrangements. The fluid column resonances of the 
insonified cylindrical shell were chosen for comparison with experiment. It should be 
noted that the theory described contains no concept of a finite size pinhole, such as exists
1 This code was originally adapted from that written by C Beckett (Beckett & Humphrey, 1989a).
3.4 Implementation
3.5 Results 32
in the experimental system. Differences from the experimental results are expected for 
this, and other, reasons, including the aberrations tha t exist in the optical system.
Most significantly, although the acoustic field in the fluid column can be predicted 
using the Normal Mode Series approach described in Chapter 2, the amplitude of the 
incident pressure field is not known. The parameter v0 (= sp) is dependent upon both 
the strength of the acousto-optic interaction (s = k(d\tidp),L) and the acoustic pressure. 
Taking the wavelength of the light to be 660nm, the interaction length to be approxi­
mately equal to the diameter of the transducer face (5cm), and the adiabatic piezo-optic 
coefficient for water to be 1.5 x lO"10^ 1 (Raman & Venkataraman, 1939), we estimate 
the value of s to be 7 x 10~5Pa~\ The amplitude of the pressure field is, however, 
unknown. This means that the Raman-Nath param eter (v0) cannot be calculated 
accurately. Estimates of the param eter are possible, by referring to the studies 
undertaken by Knapp (1988a) for the one-dimensional progressive wave, and these were 
used as a starting point.
In computing the image intensity distribution, the number of orders needed in the 
summation (3.11) increases with the value of va (and hence the pressure).
3 .5  R esu lts
In this section experimental results are presented, and comparison made with the 
theoretical predictions to test the validity of the theory. Results are illustrated by 
examining the fluid column resonances of a normally insonified brass cylindrical shell 
having radii of 14.25mm and 15.85mm. The sample used in the experimental measure­
ments was 100mm long. Measurements were made with the transducer driven in con­
tinuous mode.
3.5.1 Pressure levels
Figure 3.4 shows the (3,3) fluid column resonance found at a computed kb value of 11.448
and an experimental value of 11.46. The Schlieren image (Figure 3.4(a)) was obtained 
using an array of 18 pinholes of diameter 50pm and a matching spatial filter providing
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zeroth order filtering. This is a typical Schlieren observation: the drive level was 
adjusted so that a reasonable image was obtained; too low a value and only the regions 
of highest amplitude are visible (or no image at all), too high a value and other effects 
complicate the image, as will be discussed. The computed fields are as follows. Figures 
3.4(b-d) show the predicted optical distribution calculated with three different values of 
v0. The three theoretical predictions are quite different, the experimental result bearing 
a closer resemblance to Figure 3.4(c) than either of the other predictions (Figures 3.4(b) 
and (d)).
Figure 3.4(b) was calculated with a low value of v0 (equal to 0.4) and is expected to 
result in an optical distribution approximating the square of the pressure distribution. 
In order to test this prediction, cross-sections of the optical distribution and pressure 
squared distribution are shown in Figure 3.5. The profiles are taken along the hori­
zontal diameters of the fields and the vertical scales have been normalized for com­
parison. The agreement between the optical distribution calculated with v„ = 0.4 and the 
pressure squared variation is seen to be exact. Also shown in Figure 3.5 is a comparison 
of the magnitude of the pressure distribution with the optical distribution calculated 
with a value of va = 3.4. The agreement, although not exact, is quite good, suggesting 
th a t at a certain value of vc the predicted optical image is a good approximation to the 
magnitude of the pressure distribution itself. The minor differences seen in the figure 
would not be observable in practice anyway. The complete images are compared in 
Figure 3.6, and in particular it is worth comparing Figure 3.6(c) with the experimental 
image given in Figure 3.4(a). It would appear that the experimental result is a closer 
approximation to the magnitude of the acoustic pressure than to its square. Care must 
be taken in interpreting these results however. For the standing wave-field inside the 
fluid column, different regions have different pressure amplitudes, and therefore dif­
ferent value of vc (unlike the progressive plane wave). The value of v0 referred to here 
corresponds to the maximum value of pressure in the fluid column.
If the transducer is driven harder, the acoustic pressure in the fluid column 
increases and the optical image changes. An example of this effect is given in Figure
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3.7. Figure 3.7(a) shows the appearance of the experimental image for a higher acoustic 
drive level. Experimentally, the higher pressure levels result in the diffraction orders 
of the individual pinholes in the array overlapping with adjacent pinhole side orders, so 
an array of 8 x lOOp/n pinholes, more widely spaced, had to be used. This array, however, 
results in reduced clarity for low frequency fields due to overlapping of orders in the 
individual pinhole images, which results in the removal of part of the first side order by 
the filter designed only to remove the zeroth order. The predicted optical distribution 
(Figure 3.7(b)), calculated at an arbitrarily chosen value of vc(= 11.2), displays mostly the 
same features as the experimental image, although the agreement is not as good as 
previously. To generate the theoretical image, more orders needed to be considered in 
the calculation because the arguments of the Bessel functions are much larger. The 
brightest regions in the image are seen to broaden and split into several parts. This 
splitting, at high pressures, of each bright region into two bright regions, is described 
(in the one-dimensional case) by Knapp (1988b).
3.5 .2  Spatial filtering
All the experimental and predicted images shown in the previous section involved zeroth 
order filtering. More dramatic changes to the Schlieren image of the acoustic field are 
evident when different spatial filtering is used in the transform plane. Figure 3.8 shows 
the (3,3) resonance again, this time produced using knife-edge filtering. A single pinhole 
of 4 0 0 diameter was used to illuminate the acoustic field in the Schlieren system. 
Figures 3.8(a,b) show the appearance of the resonance when the knife-edge passes 
horizontally through the diffraction pattern; Figures 3.8(c,d) were produced with the 
knife in the vertical position. A razor blade was used as the knife-edge filter.
All the features seen in the experimental results can be seen in the theoretical plots 
if they are examined closely. The lack of symmetry between the two cases is due to the 
fact tha t the knife-edge passes along different symmetry planes in the diffraction pat­
tern - these filtering arrangements are therefore fundamentally different.
Figure 3.9 shows the (4,4) fluid column mode visualized experimentally, again
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using different spatial filtering in the stop plane. The result of zeroth order filtering is 
shown in Figure 3.9(a), whilst Figure 3.9(b) shows the result of using a filter that is 
larger than the zeroth order, and also blocks a part of the first side orders. Knife-edge 
filtering was used to produce the remaining images; Figures 3.9(c) and (d) are the result 
of using the knife-edge horizontally and vertically. Unlike the previous case considered 
(Figure 3.8), both of these images are the same, apart from a 90° rotation. This reflects 
the symmetry of the (4,4) resonance. To obtain a different image with the knife-edge it 
m ust be placed at some other angle, as is shown in Figure 3.9(e).
For zeroth order filtering, as described in section 3.5.1, the acoustic pressure level 
affects the appearance of the image considerably. For knife-edge filtering, however, the 
image does not change appreciably as the pressure is increased to moderate levels. This 
is of significance when we consider that the standing wave-field does not have a uniform 
pressure amplitude throughout the fluid column.
3.6  Location, identification and visualization of resonances
We now describe how the Schlieren system can be used as a tool to locate, identify and 
record the resonances of cylindrical shells. Being essentially an optical system, great 
care m ust be taken in aligning the system components accurately if acceptable images 
are to be obtained. The processes involved are quite complicated and only brief details 
will be given.
Although the use of a single pinhole source and a knife-edge filter is the easiest 
way of obtaining an image of the acoustic field, it does - as has been demonstrated - 
produce an image bearing a complicated, and unobvious, relation to the acoustic field. 
The use of zeroth order filtering produces images that are more easily interpreted 
(provided the pressure levels are not too high) and this method is now generally used 
with the present experimental system. The use of multiple pinhole arrays to increase 
the light level in the system also precludes the use of knife-edge filters.
With a test sample in place in the water tank, correctly aligned and insonified by 
the transducer, the frequency of the drive signal (continuous wave) is swept, either
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manually, or automatically by the function generator. A video camera is placed 
immediately behind the spatial filter and connected to a television monitor (and 
optionally a video recorder). At frequencies corresponding to resonances of the test 
sample, acoustic standing waves are clearly seen in the fluid column. At other fre­
quencies, where little energy penetrates the shell, only the scattered field is seen. There 
is also usually a standing wave between the transducer face and the test sample.
To record the resonance patterns, the video camera is replaced with a still camera, 
the frequency locked, the drive level adjusted until an acceptable image obtained, and 
several timed exposures made.
Care must be taken when interpreting the observed patterns and identifying 
resonance modes. If the drive level is too high, the image has an appearance such as 
th a t shown in Figure 3.7 and may be mistakenly identified. The possibility of other 
resonances being excited by overtones of the drive frequency must also me considered. 
This typically happens when a low frequency is applied to the transducer and the drive 
level increased in an attem pt to visualize low frequency modes, these modes being 
harder to detect due to optical considerations.
Care must also be taken to correctly identify resonance modes differing in origin, 
but similar in appearance, such as certain fluid column modes and shell resonances (see 
Chapter 2). Also, resonance modes which are close in frequency may overlap, making 
identification of either mode difficult. This occurs particularly at high frequencies where 
the density of resonances is greatest. This will be discussed further in section 3.7.1.
The video recorder can be replaced with a personal computer incorporating a 
‘line-grabbing’ digitization board and software. This facility allows the optical intensity 
at a point within the image to be monitored, and intensity profiles of the resonances to 
be obtained. Some aspects of this work are described in Scott & Wilcox (1992). The use 
of this facility, combined with the theoretical techniques described above, offers the 
potential of using the system to obtain more quantitative information from the Schlieren 
system than has hitherto been possible.
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3 .7  Cavity resonances: two supplementary studies using Schlieren
During the course of the study described here, the Schlieren technique has been used to 
study the resonance behaviour of flooded cylindrical structures of various geometry. In 
this chapter we have illustrated results for low frequency resonance modes of the 
circular cylindrical shell. Of particular interest to the present thesis is the resonance 
behaviour of structures th a t do not have a circular symmetry. In Figure 3.10 examples 
of resonance modes within two non-circular cylindrical cavities are presented; the 
elliptical geometry and the ‘stadium’. A major part of this study will be presented in 
Chapter 5 where we consider the elliptical cylindrical shell in more detail.
In this section we present supplementary results concerning the high frequency 
behaviour of the circular cylindrical shell, and we briefly describe some work involving 
the stadium shaped cavity.
3.7.1 High frequency modes of the circular cylindrical shell
Most of the previous studies involving the resonances of fluid filled cylindrical shells 
have concentrated on the low frequency region (100 -  400kHz) where resonances are quite 
broad, but reasonably well separated in frequency. At higher frequencies the resonances 
become narrower, but closer together, and many tend to overlap, making the resolution 
of individual resonances impossible. Indeed at very high frequencies (several megah­
ertz), the concept of a resonance as a single mode is not meaningful, as hybridization of 
modes becomes extensive. This effect is seen in the form function, and in calculations 
of the pressure in the fluid column itself. This higher density of resonances, and 
overlapping between them, is clearly seen at the higher frequency end of the form 
function shown in Figure 2.5. At the very highest frequencies many normal modes may 
contribute to the acoustic field at a given frequency.
The effect tha t this hybridization has upon the interior field is shown in the 
Schlieren photographs presented in Figure 3.11. New kinds of unexpected symmetry, 
such as the 3-fold symmetry seen here, can appear in the resonance patterns. Reson­
ances having 5-fold and 7-fold symmetry have also been observed.
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The appearance of some of these images is rem iniscent of the classical ‘ray ’ or ‘orbit’ 
concept th a t is applicable to wave-flelds in the high frequency (short wavelength) 
domain. In particu lar, the association of some of the features of the resonance pa tte rn s 
w ith periodic (closed) orbits of a ray, or particle, ‘bouncing’ around w ithin the enclosure, 
can he made. In  the  circular cavity, a  typical orbit, such as th a t shown below (left), never 
repeats itself: every point on the circumference is ‘h it’ eventually, and a caustic is 
formed.
The ra th e r  special cases where the ray repeatedly  traverses the sam e (periodic) orbit is 
shown on the right. Some of the acoustic resonance fields presented in Figure 3.11 
clearly exhibit these kinds of behaviour. Even the com paratively lower frequency modes 
of Figure 3.11(a) and Figure 3.11(b) have a sym m etry th a t can be associated w ith 
periodic orbits such as th a t illustra ted  above. F u rth e r discussion concerning rays and 
tw o-dim ensional cavities is given in Appendix A l.
An alternative  description of the behaviour m anifest in Figure 3.11(a) and (b) can 
also be given. At these ‘in term ediate’ frequencies only a couple of modes are interfering, 
and the new sym m etry seen in the acoustic field is the highest com m on  sym m etry of the 
in terfering  modes; in this case six and three-fold sym m etries respectively. This can also 
be thought of as a two-dimensional beating  effect.
These observations made a t high frequencies dem onstrate how Schlieren can be 
used to provide insight into phenom ena th a t could not easily be m easured or observed
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with a conventional acoustic approach using a hydrophone. Indeed, Schlieren is a 
valuable tool for studying many aspects of wave physics in general, as will be demon­
strated in the following section.
3.7.2 The ‘stadium* shaped cavity
In Figure 3.10 Schlieren images of the resonance modes of two non-circular cavities 
(having elliptical and stadium geometries) were presented. Although both of these 
geometries can be obtained by continuous perturbations of the circle1, their properties 
are quite different: the stadium geometry has a classical mechanics that is chaotic, the 
elliptical geometry does not. There is currently great interest in the resonance and 
scattering properties of ‘chaotic’ systems, and in the work undertaken with Schlieren 
several geometries were initially investigated. In this section we briefly discuss the 
stadium geometry.
‘Chaotic wave scattering’ is defined by Doron, Smilansky and Frenkel (1990) as 
"the scattering of waves from systems for which the underlying classical (ray) dynamics 
is chaotic". In the context of the present work this description can be applied to any 
general deformation of a circular boundary whose solution is not integrable2, as the 
perfect circle and ellipse described earlier are. The specific example we will discuss is 
tha t of the Bunimovich stadium which has been proved to be totally ergodic3. Our 
interest lies in the extent to which the chaotic behaviour of the classical mechanics 
influences the wave behaviour of a resonating system. The classical mechanics is dis­
cussed in more detail in Appendix Al.
3.7.2.1 Eigenstates of the stadium
The interest in chaotic scattering involving cavities such as the stadium originated in 
the semi-classical study of quantum systems. Since then studies of such systems have
1 In principle that is: the stadium cavity used experimentally was not, however, obtained in this way.
2 A solution of the classical mechanics is integrable if there exists a constant of the motion (conserved quantity). In 
classical mechanics this is the requirement that the Poisson bracket of a variable with the Hamiltonian vanishes, that 
variable being the constant of motion.
3 An ergodic system is properly defined in terms of the way a particle confined to motion within the system accesses 
the phase space. For the present purposes we can loosely equate ergodicity with an apparently ‘random’ motion.
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been undertaken using microwaves, water-waves, and now acoustic waves; a review and 
references are provided in Appendix A2. The main difference between these different 
kinds of wave problems - and their solutions - is the different boundary conditions that 
are applicable. In this section we briefly explain what it is about the wave mechanics 
th a t is unexpected, and provoked such an interest in this geometry.
When the high energy wave functions of the stadium were calculated, they were 
found to have a non-uniform structure involving local enhancement of the wave func­
tions in regions corresponding to the periodic (closed) orbits of the classical mechanics. 
These non-uniformities were unexpected because they had not been observed in the 
wave functions of integrable systems, such as the rectangular and circular cavities. The 
stadium, having been proved chaotic, was expected to exhibit even less detailed, 
non-uniform, structure than these integrable systems. A Gaussian random appearance 
was in fact expected of them. The influence of the periodic closed orbits of the classical 
mechanics is all the more surprising when we consider th a t they constitute the tiniest 
minority of all possible orbits within the stadium; they are of ‘measure zero’ with respect 
to the majority of orbits, which are chaotic. They are also, of course, highly unstable, 
and so would not be expected to be ‘found’ by any experiment. For these reasons it is 
initially surprising tha t the closed orbits have such a marked effect upon the wave 
functions of the stadium shaped cavity. More details are given in the paper included as 
Appendix A2, and the references therein.
3.7 .2 .2  Resonances of the stadium
Although the closed periodic orbits of classical mechanics are known to affect the 
quantum wave functions of chaotic scatterers, the question m ust be asked; do the 
periodic orbits affect other kinds of wave behaviour - such as electromagnetic, acoustic 
or water waves? In the acoustic case the resonance modes of the stadium shaped cavity 
are subject to hybridization in the same way as those of the circular shell, and periodic 
orbits could possibly manifest themselves in this way. We m ust stress tha t the influence 
of the periodic orbits in the quantum stadium is on single eigenstates.
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Preliminary experimental investigations of the acoustic resonances within hollow 
stadium shaped cylinders (and quarter-stadiums) have been undertaken. Several dif­
ferent constructions using different materials have been investigated, the most suc­
cessful being a cavity machined within an aluminium block, 95 x 38 x 63mm in size. The 
distance between the flats of the cavity is 26 nun. The acoustic impedance of aluminium 
is such that the outer boundary of the block makes a significant contribution to the 
appearance of the resonances within the cavity; the resonance ‘sees’ the outer boundary. 
For this reason the rectangular-sectioned block was eventually machined down to make 
a shell having an (approximately) constant thickness of 6mm. This construction has the 
same symmetry for the outer and inner shell boundaries, although the finite impedance 
of the metal shell is of course unaltered, and the boundary conditions far from the simple 
Dirichlet boundary of the ‘rigid’ walled cavity.
The system was insonified with a transducer in the same way as the circular and 
elliptical cylinders; insonification at different angles being required to excite different 
resonances. One example of an observed resonance mode is shown in Figure 3.10(b), 
others are shown in Appendix A2 (Figure 2).
Isolation of individual resonances was only really possible a t extremely low fre­
quencies (below 100kHz) where visualization is very poor (due to optical problems). 
However, it was possible to match some of these low lying states with computations 
performed at Bristol (Boasman, 1991).
Acoustic scattering aside, the greater importance of this work lies in the fact that 
it is the first known experimental demonstration of the influence of classical periodic 
orbits upon acoustic wave-fields within chaotic systems. It is in fact one of the first 
experiments of all to show the actual wave functions. Ways of reducing the widths of 
the stadium resonances were investigated in an attem pt to resolve higher frequency 
states; this work may be continued in the future.
3.7.2 The ‘stadium’ shaped cavity
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3 .8  Summary
The application of the Schlieren visualization technique to the study of acoustic reson­
ances within cylindrical shells has been discussed. A theoretical model of the optical 
intensity distribution in the image plane of an ideal Schlieren system has been 
presented.
The theory has been numerically implemented and tested for the resonance modes 
of cylindrical shells of circular cross-section. Calculations of the optical images of res­
onances within these shells have been presented and compared with experimental 
results obtained with the Schlieren system. The theory has been shown to be accurate 
in predicting the changes in the image associated with different values of v0, and dif­
ferent spatial filtering arrangements in the transform plane.
The square of the pressure distribution has previously been used as an 
approximation to the Schlieren image (when zeroth order filtering is used). Comparison 
has been made between the pressure squared distributions and the exact predictions of 
the optical image. Good agreement has been found when very low pressures are present 
in the fluid column, but departures become obvious for more moderate pressures, and 
drastic for high pressures. It would appear that the experimentally obtained images 
correspond closer to the magnitude of the pressure distribution itself than to its square.
The results presented for different filtering arrangements in the transform plane 
are of particular interest. In this case, no approximations can be made and the exact 
theory provides the first theoretical predictions of these images.
The experimental system has been used to investigate many aspects of scattering 
and resonance behaviour involving cylindrical objects of various geometry, and is of 
particular value when considering those geometries that cannot easily be modelled. Of 
particular interest here are the hybridization of resonance modes at high frequencies, 
and the modes of non-circular cavities, such as the stadium.
Further applications of the techniques described in this Chapter are presented in 
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Figure 3.4 The (3,3) fluid column resonance 
mode; experim ental observations (a) and 
theoretical predictions (b-d) for different 
values of the p aram eter v„.
(b) v„ = 0.4
(c) v0 = 4.3
(a) Schlieren image


































Figure 3.6 Comparison of predicted optical d istributions w ith theoretical predictions 
of the  m agnitude of the pressure  and pressure squared  d istributions.
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Figure 3.7 Experim ental and theoretical resu lts  for high values of the acoustic pres­
sure (experim ent) and R am an-N ath p aram eter (theory).
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Figure 3.8 Knife-edge filtering; the (3,3) fluid colum n mode.
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Figure 3.9 The (4,4) fluid column mode observed with different spatia l filtein j 
arrangem ents - experim ental observations.
(a) Zeroth order filtering (b) Zeroth and part of 1st order
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Figure 3.10 Resonance modes of no/i-circular cylindrical cavities.
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(a) Elliptical b rass shell
(b) Cavity w ith stadium  shaped cross-section
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Figure 3.11 High frequency resonance modes of the circular cylindrical shell.
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4  Param etric array facility
4.1 Introduction and review
This Chapter describes the parametric array facility used to make the backscattering 
and transmission loss measurements to be described in Chapters 5 and 6 respectively.
In underwater acoustics there is a need to make accurate, carefully controlled, 
laboratory measurements of the scattering behaviour and acoustic properties of objects 
in the underwater environment; both in order to validate theoretical predictions, and to 
investigate structures whose geometry or material properties are such tha t theoretical 
techniques cannot be used to model them. Such ‘laboratory modelling’ usually involves 
conducting experiments a t ultrasonic frequencies with targets scaled down in size from 
those found in the marine environment itself.
Whilst high frequency (>300kHz) transmission and reflection measurements are 
easily made in the laboratory using conventional source-receiver techniques, measure­
ments at lower frequencies are more problematic, due to the broad beam of the con­
ventional transducer, diffraction by the edges of finite test objects, and the difficulty in 
resolving the signals of interest from the reverberant field in the laboratory tank. An 
alternative approach tha t has been used with much success, and which is employed in 
the present study, is to use a parametric source.
Westervelt (1963) first proposed that the non-linear interaction of two high fre­
quency waves could be used to generate a low frequency field in the region in which the 
waves interact. The discovery of this ‘virtual source’ followed from Westervelts earlier 
studies into scattering of sound by sound (Westervelt 1957) and marks the beginning of 
the application of non-linear acoustics in the underwater environment. The properties 
of this ‘parametric acoustic array’ were extensively investigated in the 1960’s and 1970’s 
(for a review see Bj0m0, 1975) and are now widely utilized in the underwater environ­
ment. The use of such a source was discussed by Berktay (1965) who proposed a 
transm itting technique, based upon the parametric array, and showed it to have the 
advantages of a broad-band signal, narrow beamwidth, and a pulse whose spectral
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content could easily be controlled.
The proposed technique was further developed and employed by Humphrey (1981) 
and formed the basis of an experimental system and measurement technique that has 
been successfully used to measure the transmission and reflection properties of small 
panels (Humphrey 1985; Humphrey & Berktay, 1985) and the scattering properties of 
spheres (Humphrey, Murphy & Moustafa, 1987) and cylinders (Beckett & Humphrey, 
1989b).
The non-planar nature of the parametric source was found to have significant 
implications for panel measurements, resulting in marked deviations from plane wave 
predictions (Humphrey & Berktay, 1985). This aspect is of particular importance in the 
current study involving transmission by plates, and is discussed in more detail in 
Chapter 6. In this Chapter we discuss the principle of the parametric array and describe 
the experimental system, the measurement technique, and the limitations of the sys­
tem.
The experimental system used in the measurements described here is based upon 
th a t used by Beckett & Humphrey (1989b). The nature of the present study, involving 
scattering geometries of greater complexity than those studied in the past, has made 
certain improvements of the technique necessary. These include a higher degree of 
automation; permitting a sequence of measurements to be rapidly performed for dif­
ferent angles of incidence, and the use of a different modulating envelope for the pulse 
applied to the transducer. The latter enables scattering measurements to be made over 
a wider frequency range, without the need to repeat measurements using modulating 
envelopes of different length.
4.2  Experimental facility
In this section we discuss the basic operation of the parametric array and describe the 
experimental system as it is used in the current study.
4.2 Experimental facility
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4.2.1 Principle of a parametric array
The principle upon which the parametric array operates is the non-linear interaction 
of high amplitude waves to produce signals of different frequencies. A conventional 
piezo-electric transducer emits high amplitude, high frequency waves which propagate 
nonlinearly in the water and interact with each other to produce a signal containing 
additional frequency components to those of the ‘primary’ wave. If the primary wave 
contains high frequency components that are close together, then low frequency com­
ponents are generated at the difference frequency (between primary wave components). 
This non-linear generation is a continuous process and the low frequency components 
are considered to come from secondary sources distributed throughout the whole 
interaction region insonified by the primary waves.
The simplest application of the technique involves the propagation of ju st two high 
frequency waves, the interaction between them producing a single low frequency com­
ponent at the difference frequency. Components are also produced at the sum frequency, 
but these are of no importance. The two primary waves can be generated by two separate 
transducers, or by the same source. The distributed nature of the secondary sources, 
and the phasing between them, produces a behaviour similar to that of an end-fire 
array, resulting in an exceptionally narrow beam.
A more useful mode of operation is realized by applying an amplitude modulated 
pulse to the driving transducer. Such a pulse contains a broad spectrum of primary 
waves which interact to produce a broad-band low frequency pulse proportional to the 
second time derivative of the square of the modulating envelope. The resulting pulse 
has a spectrum which can easily be altered by adjusting the length and shape of the 
modulating envelope. This allows an extended frequency range to be covered with a 
single transducer.
The low frequency component generated in this way is not confined to the inter­
action region (in which it is generated) but continues to propagate. Thus by truncating 
the array with an acoustic filter a source free region is obtained in which measurements 
can be made.
4.2.1 Principle of a parametric array
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4.2 .2  Tank facility
The tank facility is shown in Figure 4.1. A large water-filled tank (approximately 
2.5m x 1.25m x 1.5m) contains the source transducer (resonant a t approximately 930kHz), 
the receiving hydrophone (B&K 8103), the acoustic filter, and the test object. Test 
objects are suspended from a rotation stage which is used, under computer control, to 
alter the angle that the object makes with the acoustic beam of the parametric array. 
The horizontal and vertical positions of the hydrophone, test object, and acoustic filter 
can all be varied manually. In all experiments discussed here the parametric array was 
truncated by an acoustic filter to terminate the non-linear generation of low frequency 
waves, and prevent the high frequency field from reaching the test object and hydro­
phone.
4.2 .3  System electronics
The system electronics (Figure 4.2) can be divided into three parts; those associated with 
the signal applied to the transducer, those associated with the signal received by the 
hydrophone, and the components used to control the transmission and reception of these 
signals and the movement of the test object.
A continuous primary wave, typically 930kHz, is generated by an oscillator and fed 
into a modulator where it is amplitude modulated by the ‘envelope’ function produced 
by a wave-form generator (Phillips PM5133). The exact form of this modulating 
envelope is described in detail in section 4.3. The amplitude modulated pulse is passed, 
via a buffer amplifier and attenuator, to the power amplifier, and then, via a matching 
transformer, to the transm itting transducer. The non-linear propagation of the modu­
lated signal generates a low frequency pulse whose spectral content depends critically 
upon the length and shape of the modulating envelope.
The signal detected by the hydrophone is passed through a low pass (250kHz) filter 
before being amplified by a signal amplifier (Brookdeal 9452) and digitized by an Ana­
logic Data 6000 signal processor. Typically between 0.25 -1  ms of signal was sampled at 
a lfis sampling rate. The Data 6000 averaged 256 incoming signals and performed
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further processing under computer control. The pulse repetition frequency of 20Hz was 
controlled by a pulse generator triggering the wave-form generator. The same trigger 
pulse was used to trigger the Data 6000 and oscilloscopes.
4.3  Pulse shape
Berktay (1965) showed that a short, amplitude modulated, pulse launched into the 
w ater will propagate non-linearly and produce a low frequency component proportional 
to the second time derivative of the square of the modulating envelope. In this paper 
Berktay presented predictions of the pulse resulting from the use of a Gaussian modu­
lating envelope.
Previous applications of the parametric array have typically used a raised cosine 
bell as the modulating envelope (Humphrey, 1985). This is a single cycle of a cosine 
wave, phase shifted to produce a ‘bell’ shape envelope, similar in form to the Gaussian. 
Although the pulse produced by this method has a reasonably broad frequency spec­
trum , several measurements based upon envelopes of different length are often required 
to cover the frequency range of interest, particularly if low frequency (< 30kHz) 
measurements are to be obtained. Although the raised cosine bell is particularly simple 
to generate, many other envelope shapes can be considered. A raised triangular bell 
was used by Humphrey (1983), and found to result in a demodulated pulse whose 
spectrum was remarkably flat in frequency, although spectral levels at low frequency 
were a little lower than those observed with the cosine bell.
With a view to extending the frequency range over which a single measurement 
can be made, a study was undertaken by the author into the effects of modulating the 
carrier wave with envelopes having different shapes. Envelope functions were gener­
ated numerically using different mathematical functions, differentiated and Fourier 
transformed to obtain the spectra of the resulting pulse. Envelope shapes that looked 
promising were converted to binary form and downloaded onto a rewritable eprom that 
could then be used in a simple envelope generator built in-house1. The output from this
1 Designed and built by V. F. Humphrey & C. Cooper. 
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device was then used to modulate the carrier frequency in the experimental system. 
Signals were recorded and processed on the Data 6000 and their spectral content ana­
lysed. Of the envelope functions investigated in this way, smooth single cycle asym­
metrical functions were found to produce the best results. Although this purpose built 
envelope generator was useful for investigating the effect of envelope shape upon the 
low frequency signal in the more realistic context of the experimental system, the output 
of the device was not stable enough to allow it to be used routinely in acoustic 
measurements. For detailed measurements, it was replaced with a conventional func­
tion generator (Phillips PM5133).
The modulating envelope used in the present study was an asymmetrical raised 
cosine bell, obtained on the Phillips generator by adding a dc offset to a single cycle, 
phase shifted, cosine wave; and then increasing the ‘duty cycle’ from 50% to approxi­
mately 90%. Experimentally obtained examples of the modulating envelope and 
demodulated pulse are shown in Figure 4.3, along with examples of the conventional 
symmetrical envelope. The corresponding spectra of these signals are shown in 
Figure 4.4. It can be seen that the asymmetrical envelope combines the best features 
of both the low and the high frequency symmetrical pulses. In the experiments per­
formed so far with this pulse, the useful frequency range has been found to be several 
times tha t obtained with a pulse based upon the conventional raised cosine bell 
envelope. The main advantage is gained at the low frequency end of the spectrum: a 
higher frequency cosine bell produces a wider frequency range, but does not extend to 
the low frequencies.
This technique enables measurements to be obtained over a much wider frequency 
range in a single experiment. A theoretical investigation into the ‘optimal’ envelope 
function can be envisaged, although this would need to take into account the receiving 
system too: restrictions imposed by the response of the acoustic filter, and the sensitivity 
of the hydrophone, ultimately limit the high frequency behaviour of the system, irre­
spective of the type of envelope used to modulate the carrier wave.
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4 .4  Measurement technique
With the experimental system described above, accurate measurements can be made 
over a wide range of frequencies. In the present study this experimental system has 
been used to measure both the signal backscattered by cylindrical targets (Chapter 5) 
and the signals transm itted by panels (Chapter 6). In this section we describe elements 
of the experimental technique relevant to these measurements.
4.4 .1  Processing and automation
The signals received by the Data 6000 are transferred to the computer via the GPIB 
interface bus for storage and further processing. The Data 6000 can be operated via 
front panel controls (for one-off measurements), or remotely - under computer control - 
when many consecutive measurements are being made. The rotational position of the 
test object can also be controlled remotely with the rotation stage being driven by a 
Digiplan stepping motor control unit connected to the same GPIB bus. Fortran pro­
grams were written to control both the operation of the Data 6000 and the stepping 
motor, via the GPIB interface. When a sequence of measurements is being made the 
operation of the entire system is automated in this way, with either the processing being 
performed on the Data 6000 or averaged time signals being transferred to the computer 
for later processing in a UNIX environment.
The averaged signals captured by the Data 6000 were windowed to remove 
unwanted multiples, and Fourier transformed to obtain their spectra. For both trans­
mission loss and backscattering measurements the resulting spectra were divided by a 
‘reference’ signal, obtained without the test object in position. Further details 
concerning the calculation of the form function (of cylindrical objects) and transmission 
loss (of panels) are given in sections 5.2.6 and 6.4.3 respectively.
With this experimental arrangement, a series of 50 consecutive measurements 
could typically be made on a test object in approximately 30 minutes, the object being 
rotated one or two degrees between each measurement. Reference signals were 
measured both before and after a sequence of measurements. In this way the two ref­
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erence signals could be compared and any change in the pulse over the time taken to 
perform the experiment determined. The two factors limiting the time taken by each 
measurement were: the averaging speed of the Data 6000, and the time allowed between 
measurements for the mechanical arrangement to settle down - large panels in par­
ticular had a tendency to sway around after they had been rotated by the stepper motor. 
In these experiments 15 seconds was allowed. The averaging speed of the Data 6000 
was increased substantially by turning the front panel display off during the averaging 
process. The time taken to process the averaged wave-forms was less than the allowed 
‘settling* time and therefore not significant.
A few experimental procedures and factors concerning the accuracy and inter­
pretation of the results will now be discussed.
4 .4 .2  Support and location of components in the tank
For flat panels a simple connecting frame was rigidly fixed to the axis of the rotation 
stage and clamped to the edges of the test panel. Cylindrical objects were suspended 
from the rotation axis by nylon thread. The rotation axis could be adjusted to enable 
the vertical position of the samples to be easily varied. In this way the object could be 
suspended accurately such tha t its centre was on the acoustic axis. The distance of the 
whole supporting assembly from the transducer was chosen such that the objects could 
be rotated to the highest angle required without fouling on the acoustic filter.
The hydrophone was mounted in a hollow steel tube and fixed to an optical bench 
spanning the tank lengthways above the acoustic axis. In this way the distance between 
hydrophone and transducer could easily be varied. For panel measurements, a position 
was chosen close enough to the panel to prevent diffracted signals from the panel edges 
from reaching the hydrophone, yet far enough that multiples between the panel and the 
hydrophone were not problematic. For cylindrical targets the hydrophone was typically 
placed 25cm from the cylinder centre, a distance which is a close enough approximation 
to the far-field1 and yet near enough that the signals reflected from the cylinder have a
1 For cylinders of the dimensions used here.
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reasonable amplitude.
The stability and accuracy of this arrangement - and therefore the reproducibility 
of results - is limited mainly by the overhead fixings, and their necessarily large distance 
from the acoustic beam. Errors in the three angular orientations of the test objects are 
less than one degree and remain fixed throughout the course of a single experiment. The 
error in the (changing) orientation of a test object as it is rotated, is extremely small.
4 .4 .3  Array length and the angular spectrum of waves
The parametric array is truncated by the acoustic filter in order to isolate a source free 
region in the tank in which measurements can be made without problems associated 
with the non-linear response of the hydrophone (Moffet & Blue, 1980; Humphrey & Hsu, 
1980) and the interaction of the primary waves with the target object itself.
The truncation length of the array, and the range at which the hydrophone is 
placed, both affect the angular spectrum of low frequency waves generated and received 
by the hydrophone. The non-planar nature of the beam precludes the existence of very 
narrow features in the angular response of a target, making measurement at sub-degree 
intervals unnecessary.
Also, beyond the acoustic filter the beam begins to spread - as it would from a 
conventional source - and so test objects m ust be placed reasonably close to the filter if 
the benefits of the narrow beam are to be utilized. Care must be taken, however, to 
avoid multiple reflections between components of the system. The location of the 
acoustic filter with respect to both the source transducer and the receiver is therefore 
of considerable importance.
4 .5  Limitations and sources of error
The limitations of the experimental system and measurement technique are now briefly 
described, and the sources of some potential errors discussed.
By changing the modulation (envelope) frequency, the system can be used to make 
measurements down to 5kHz, and up to approximately 250kHz. The lower limit is
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determined principally by the size of the water tank, the beam-width of the truncated 
parametric source and, in the case of panel measurements, the size of the panel. The 
hydrophone sensitivity and the attenuation of the acoustic filter are responsible for the 
upper frequency limit. Measurements can be made above 250kHzy but signal levels are 
rather small.
For transmission loss measurements involving small test panels, the diffraction of 
low frequency fields by the panel edges is problematic; particularly when panels are 
rotated with respect to the incident beam. As the cross-sectional area decreases, it 
becomes harder to window out the edge diffracted pulse. The use of large area hydro­
phones (Humphrey, Simmonds & Green, 1994) for making transmission measurements 
was therefore investigated. Such receivers have good directionality and so avoid 
problems associated with waves diffracted by the edges of the panel. Unfortunately the 
hydrophones currently under development have a response that falls off at a lower 
frequency than the B&K hydrophone, and so does not permit measurements to be made 
a t the higher frequencies of interest in this study. This kind of receiver does, however, 
look to be of great value for panel measurements involving small samples, and is 
expected to find application in this system in the near future.
The main limitation of the system as currently configured is the accuracy with 
which objects can be positioned (and orientated). The reproducibility of measurements 
is also largely limited by this factor. Also, the tendency of the test object to move around 
after rotation necessitates a pause in the measurement, which prolongs a sequence of 
experiments in time, leaving them open to other random and systematic errors.
In backscattering and reflection measurements the receiving hydrophone must be 
placed in the path of the incident beam and does therefore interfere with the field. This 
is obviously not a problem in the transmission loss measurements, but does affect 
measurements involving the cylindrical shells. A detailed discussion of this problem is 
given by Beckett (1992).
The signal detected by the hydrophone was found to change slightly with time. 
This ‘drift’ is thought to originate in the transm itting electronics and was found to be
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more pronounced when the system was first powered up. It was overcome by allowing 
the whole system several hours to warm up before measurements were taken. With this 
precaution taken, the errors in transmission or reflection measurements over a 30 
minute period are less than 0.1 dB throughout the frequency range of interest. The origin 
of this drift is unknown, but the power amplifier and function generator can both be 
suspected; any change in the amplitude of the modulating envelope will change the 
spectra of the demodulated pulse, introducing errors into measurements made with 
respect to reference signals made some time later (or earlier) than the measurement 
itself.
4.6  Summary
The experimental system incorporating a parametric array has been described, and 
some of the details concerning the measurement technique have been discussed. The 
automation of a sequence of measurements permits investigations to be performed over 
a range of incident angles easily, and rapidly. The use of an asymmetrical modulating 
envelope results in a broad-band pulse, permitting measurements to be made over an 
extended range of frequencies in a single experiment. This obviates the need to perform 
several experiments, using different pulses.
The use of this system for making backscattering measurements involving 
cylindrical shells is described in Chapter 5, and in transmission loss measurements of 
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Figure 4.2 System electronics: generation of the param etric  array , reception and pro­
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Figure 4.3 Examples of envelope shapes (above) and low frequency demodulated 
pulses (below) after passage through the receiving system. The asymmetrical envel­
ope and its resultant pulse are shown in the centre, low and high frequency symmetri­











Figure 4.4 N orm alized spectra of the dem odulated pulses for the different envelopes 
shown in F igure 4.3.
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5 Cylindrical shells
5.1 Introduction and review
In this chapter experimental and theoretical studies of the backscattering and reson­
ance behaviour of flooded cylindrical shells of circular and non-circular cross-section are 
presented. We are interested in the variation of the acoustic behaviour as the symmetry 
of the circular cylinder is broken by deforming it into the more general elliptical cylinder. 
The experimental study consisted of two parts. The resonance behaviour was investi­
gated experimentally using the Schlieren technique described in Chapter 3, while the 
backscattering characteristics were investigated using the parametric array facility 
discussed in Chapter 4. This chapter brings these experimental techniques together 
and attempts to show how they complement each other in the investigation of resonance 
scattering by objects of regular or more complex geometry or material composition. The 
studies described here are a natural development of earlier work done at the University 
of Bath.
Considerable work has been performed on the scattering of waves from solid cyl­
inders and cylindrical shells, but most of it has concentrated on the special case where 
the cylinders have circular cross-section. Theoretical models involving scattering by 
cylinders and shells of circular cross-section have commonly involved the Normal Mode 
Series expansion described in Chapter 2, although other techniques have been devel­
oped with a view to studying scattering by more complex structures. The vast body of 
work concerning scattering and resonance behaviour of such simple objects has recently 
been reviewed by Veksler (1993) and has been summarized in review articles by Flax, 
Gaunaurd & Uberall (1981) and Gaunaurd (1989). Most of the early work involving 
cylindrical structures of circular cross-section concerned itself with the scattered field; 
the resonance behaviour itself received comparatively limited attention, until the Res­
onance Scattering Theory was introduced by Flax, Dragonette & Uberall in 1978. The 
importance of the target resonances is now well established, and experimental 
techniques have been developed to isolate and identify resonances by analysing the
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scattered field; see for example Tsui, Reid & Gaunaurd (1986) and Maze & 
Ripoche (1983).
The use of a parametric source for measuring the backscattering properties of 
discrete objects was described by Humphrey, Murphy & Moustafa (1987) and has been 
used to measure the scattering by a solid aluminium cylinder at normal and oblique 
incidence (Beckett & Humphrey, 1989b; Humphrey & Beckett, 1990). Results for both 
air filled and water filled steel shells were recently presented by Humphrey & 
Beckett (1994).
Comparatively little attention has been given to the more general case of the 
elliptical cylindrical geometries. The generalization of the Normal Mode Series 
approach to elliptical geometries involves the use of series of Mathieu functions, instead 
of the series of Bessel functions involved in the circular geometry, and is considerably 
more complex. Much of the early work involving scattering by infinite (two-dimensional) 
elliptical cylinders is described in Bowman, Senior & Uslenghi (1987) and references 
therein. Elliptical cylinders were considered by Burke (1964) who applied the Mathieu 
function solution to penetrable and inpenetrable elliptical cylinders and gave low fre­
quency approximations. The Mathieu function approach was also used by Hammi 
(1961) who studied scattering by a ribbon. Goel & Jain  (1981) consider the penetrable 
elliptical cylinder using a Greens function approach.
Whilst the Normal Mode Series approach is adequate for calculating the acoustics 
of structures having simple geometry, such as the circular cylindrical shell, it is of little 
use in the study of more complex geometries and other theoretical techniques m ust be 
employed. One such technique that has been applied to scattering problems involving 
elliptical cylindrical structures is the T-matrix approach (Varadan & Varadan, 1980). 
Simon & Radlinski (1982) investigated elastic wave scattering by an elliptical cylin­
drical shell by combining the T-matrix method with thin shell theory. Radlinski & 
Simon (1993) modified the previous formalism and applied it to cylindrical shells of 
arbitrary shape. Plastic, steel, and iron shells were considered, and a significant
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dependence upon incident angle1 was shown. Baskar, Varadan & Varadan (1984) also 
applied the coupled thin shell - T-matrix method to the scattering of acoustic waves from 
a thin elliptical cylindrical shell in a fluid. Other methods for thin shells include that 
by Borovikov & Veksler (1985) who used the geometrical theory of diffraction to study 
scattering by elliptical shells.
Thicker elliptical shells were studied by Pillai et al (1983), again using T-matrix 
methods. Shells of arbitrary cross-section were considered, with examples for circular 
and elliptical tubes being presented and compared with experimental results. Rigid and 
elastic cylinders of elliptical cross-section were previously studied by Pillai, Varadan & 
Varadan (1982) and scattering by rigid cylindrical objects of various cross-section by 
Varadan, Varadan & Tsao (1982).
Much of the interest in the elliptical cylindrical shells is due to their use in com­
pliant gratings. Burke & Twersky (1966) studied a grating of elliptical cylinders and 
Brigham, Libuha & Radlinski (1977) studied the scattering by planar arrays of elliptical 
shells.
Other theoretical approaches to non-circular cylindrical geometries have recently 
appeared. The elliptical geometry has been investigated by Stepanishen & Ramak- 
rishna (1994) using internal source distribution and singular value decomposition 
methods. A new method involving conformal mappings is described by DiPema & 
Stanton (1994) and deals with scattering by cylindrical objects of non-circular 
geometries, including the elliptical cylinder. This latter method, referred to as the 
Fourier matching method (FMM), claims to be much more efficient than the T-matrix 
approach.
Analogous to the perturbations in the shape of a circular cylinder are problems 
involving deformation of spherical objects, and much can be learnt from the literature 
on scattering by spheroids and axisymmetric shells. Of particular interest is Werby et al 
(1990) and references therein, who discuss the resonances of elastic spheroids and the 
level crossing phenomena. James (1993) and Skelton (1993) present models for pre­
1 In the plane normal to the cylinder axis.
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dieting the acoustics of axisymmetric structures made of composite materials.
Most of the literature described so far is concerned with the acoustics of evacuated, 
or air filled, shells, where the principal mechanisms contributing to the scattering 
behaviour are the propagation of surface waves around the cylinder perimeter, and 
vibrations of the elastic shell. The cylindrical shells described in this thesis are water 
filled, and so the possibility of fluid column resonances m ust be considered. Maze, 
Izbicki & Ripoche (1986) experimentally identified several kinds of resonance associated 
with the circular cylindrical shell. The majority of the resonances were modes of the 
fluid column. The resonances of the fluid column within cylindrical structures has not 
received as much attention as the external (scattering) problem. The use of a Schlieren 
technique for visualizing the interaction of acoustic waves with cylindrical objects was 
described by Knapp & Humphrey (1989) and Humphrey, Knapp & Beckett (1990). The 
use of this technique to identify several classes of resonance of the fluid filled circular 
cylindrical shell by examining the interior fluid was described by Humphrey, Knapp & 
Beckett (1991). Prior to this work the Schlieren technique had rarely been used to study 
the acoustic resonances of fluid filled cylindrical shells, although the visualization of 
elastic resonances of transparent solid cylinders had been achieved; see for example 
Dardy et al (1987) and Sittig & Coquin (1970).
No experimental results concerning visualization of the fluid column resonances 
of elliptical cylindrical shells (or cavities) are known to the author, although the focusing 
of a shock wave in an elliptical cavity was observed using a Schlieren technique by 
Gustafsson (1987). The modes of non-circular fluid-filled boreholes were considered by 
Randall (1991) who presented contour plots of fluid pressure within elliptical boreholes. 
The resonance modes of cavities of complex geometry can also be investigated using 
perturbation techniques. A recent book by Trusler (1991) gives a good overview of the 
acoustics of closed systems, focusing on perturbations in the shapes of cavities, and the 
impedance of the boundary. Perturbation methods were used by Aldoshina & Olyushin 
(1992) to calculate the resonance frequencies of enclosures having complex geometry 
and impedance boundaries.
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5.2  Circular cylindrical shells
Before discussing the deformed (elliptical) cylindrical shells we will present a study of 
the behaviour of the undeformed cylindrical shell (of circular cross-section). We shall 
look at both the resonance behaviour and the backscattering properties of the shell, 
introducing theoretical models for the fluid column resonances, and presenting back- 
scattering results.
5.2.1 Theory: Normal Mode Series
The Normal Mode Series solution has been widely used to study the acoustic behaviour 
of targets of separable geometry (Veksler, 1993). The essence of the method is to expand 
all acoustic and elastic wave-fields as harmonic series; in the circular geometry these 
series involve products of Bessel functions and circular functions (see for example 
equation 2.10). The boundary conditions at the inner and outer interfaces of the shell 
require the continuity of normal stress (l) and displacement (U), and the vanishing of 
all tangential stresses:
Ur{a) = U Ja) ,  Ur(b)  =  U /b ) ,
%r(a) = P J a ) ,  %r(b) = P„{b),  ( 5 ' X >
T »  = 0, %Xb) = 0.
Here, a and b are the outer and inner radii of the cylindrical shell, subscripts ex and fl
refer to the external and internal fluids respectively, and variables on the L.H.S. of each 
equation refer to the elastic shell. The displacements within the shell are found by first 
expressing the displacement vector in terms of scalar and vector potentials (see 
equation (2.2)), each potential satisfying Helmholtz’ equation and being expanded in 
Normal Mode Series. Stress-displacement relations then allow the components of the 
stress tensor (rt) to be calculated, and the boundary conditions solved to find the 
unknown coefficients in the Normal Mode Series (2.10). If there is an incident plane 
wave (Pin) the pressure and displacement in the external fluid are written 
Pex = P,n + P,o U„ = Um + UJC where
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Pm = e ‘~"J = /><,Xe„;'7„(£r)cosn<|>. (5'2)
In this way, expressions are obtained for the pressure fields in the fluid column and 
external fluid, and from this the form function of the cylindrical shell can be computed.
5.2 .2  Cavity resonances: rigid boundary approximation
The above theoretical formalism constitutes an exact solution for the scattering of a 
plane wave from a circular cylindrical shell insonified normally to its axis. From a 
resonance scattering point of view, all the resonance modes of this coupled elas- 
to-acoustic scatterer are allowed for and can potentially be identified in the form func­
tion or interior pressure field.
For the fluid column resonances, however, a simpler technique is expected to yield 
the locations of the resonance modes. As the impedance mismatch between water and 
the metallic shell is large, the inner interface can be approximated to a rigid boundary 
so tha t the normal components of particle velocity (V) vanish;
(5.3)
v r(b) = u r( b ) = - 1- dP/’ = o .
r - bCDpyr dr
Substituting the Normal Mode expansion for Pfl (2.10) into (5.3) yields
j \ m = o,
and the roots (k„ m) are the free vibrational modes (n,m) of the fluid column (with rigid
boundary) and might be expected to be good approximations to the fluid column 
resonances of an insonified shell.
The locations of resonance modes associated with the vibration of the elastic shell, 
or Stoneley wave propagation, cannot be found in this manner. For these, the full 
Normal Mode Series solution must be employed.
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5.2 .3  Location of resonances, theory and experiment
The experimental method of locating and identifying resonances has been described in 
section 3.6. In this section we discuss the theoretical determination of the resonance 
frequencies and identification of the different modes.
As has been demonstrated, the resonances manifest themselves in both the scat­
tered acoustic field, and in the field within the fluid column. By calculating the partial 
wave amplitudes in the Normal Mode Series expansion, different families of resonance 
modes can easily be identified. Subtraction of an appropriate ‘background’ term, such 
as tha t of a rigid cylinder, makes identification even easier.
The Resonance Scattering Theory predicts that little energy penetrates the elastic 
shell, except at frequencies corresponding to a resonance of the structure. This is 
obviously particularly true of the fluid column resonances. Therefore, calculating or 
measuring the variation of pressure inside the fluid column gives another good indica­
tion of where the resonances lie, and what their widths are. This technique was dis­
cussed in section 3.6 where it was described how the Schlieren system can be used to 
obtain the spectra of resonances.
The locations of the cavity resonances can also be predicted using the rigid 
boundary approximation described in the previous section.
A comparison of these three theoretical approaches with the experimental tech­
nique has been given in Knapp & Beckett (1989) for a brass shell (b/a =0.87). It was 
shown that predictions of resonance frequency made by examining the partial-wave 
form function amplitudes, and interior pressure distributions, were in good agreement 
with each other, and with experimental measurements made using Schlieren. The zeros 
of J'„(kb) = 0 were also given and found to be, in general, slightly lower, revealing the 
extent to which the shell’s finite impedance influences the resonance frequencies of the 
fluid column.
In the present study it was decided to investigate this aspect in greater depth. For
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more complex targets, such as the deformed shell to be discussed later, full analytical 
solutions to the scattering problem are not easily obtained. Good approximations are 
therefore of great value.
5.2 .4  Cavity resonances: impedance boundary
In an attem pt to improve the agreement with experiment, a theory that predicts the 
resonance frequencies and accounts for the finite impedance of the shell is derived.
5.2.4.1 Theory
We consider the fluid loaded elastic shell to present a mechanical input impedance (Zinp)
to the acoustic fluid within the fluid column. At the inner interface (b ), the boundary 
conditions require that the radiation impedance on the surface is equal to the input 
impedance of the shell. The radiation impedance in the fluid is Pfl/Vr where Vr is given 
by equation (5.3). The boundary conditions {PflIVr = Zinp) reduce to
dP
Z,mp dr
+ /cop/Py7(&) = 0.
(5.4)
Using the Normal Mode Series expansion for Pfl (2.10) we obtain
p fCf (5.5)rnm+i' -^j„(kb)=o
^ in p
having a series of roots kn>m which are the free modes (no incident field) of the fluid
column, subject to finite impedance boundary conditions.
The exact mechanical impedance of the circular shell (Zinp) can, of course, be derived 
from the formalism of section 5.2.1, but we here consider two approximations that will 
be employed later, and which result in greatly simplified expressions.
In the first case we approximate Zinp to the normal input impedance of a planar
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layer with a fluid half-space backing. In this case the layer is characterized only by its 
density, its compressional wave velocity, and its thickness. The derivation is well known 
(Brekhovskikh, 1980) and will not be repeated here. The resulting expression for Zinp is
Z„ + iZt tan(M) (5.6)
‘np~ 1ZL + iZwW\(k,d) ’
where ZL = pc; is the impedance of the layer material, Z* = pjcf is the contribution from
the loading fluid half-space, k, is the wave number in the layer and d is the layer 
thickness (a -b ).
In the second case we approximate the fluid loaded elastic shell to a fluid loaded 
fluid shell of circular cross-section, and the input impedance to the normal impedance 
of such a shell. The resulting expression is;
' LiZdY^kla)J'Aklb ) - J n{kla)Y’n(klb)}+Zw\J'Aklb)Y'n(kla )-Y \(k ,b )/'„(*,a)] (57)
where the impedance of the external fluid (Zw) is now derived from the expression for 
the ‘scattered’ field (Psc, see equation 2.10);
^  P s c  H„(ka) (5.8)
w~ V, r__~ ‘PfCfH \ { k a y
It has been found that, in the limit whereby ka~kb are sufficiently large that asymptotic
expansions for Jn, Y„ and Hn are valid, the expression (5.7) reduces to that given above 
for a planar layer (5.6). The use of either of these impedances in the expression (5.5) 
yields an equation whose solutions are expected to better approximate the resonance 
frequencies of the fluid column than the roots of j'„(kb) = 0 do.
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5.2 .4 .2  Results
In order to test the validity of this model for the fluid column resonances, the brass shell 
previously investigated in Knapp & Beckett (1989) was studied, and the results are 
presented here in Table 5.1. The shell has an inner radius (b) of 8.25mm, an outer radius 
(a) of 9.50mm, and an inner to outer radius ratio (b/a) of 0.87. The experimental results 
are given in the second column, and theoretical predictions, made by examining the 
computed pressure distribution in the fluid column and in the far field form function, 
are given in the third and fourth columns. The fifth and sixth columns give results for 
the free vibrations of the fluid column with both infinite and finite impedance boundary 
conditions. The calculations involving the finite impedance boundary used the input 
















(2,2) 6.89 6.864 6.86 6.706 6.825
(2,3) 10.04 10.049 10.06 9.969 10.043
(2,4) 13.21 13.223 13.20 13.170 13,221
(3,2) 8.24 8.192 8.20 8.015 8.119
(3,3) 11.41 11.418 11.42 11.346 ■ ■ ■
(3,4) 14.62 14.633 14.63 14.586 HHHI
(4,2) 9.28 9.195 9.20 9.282 9.376
(4,3) 12.74 12.750 12.74 12.682 12.740
(4,4) 16.00 16.006 16.00 15.964 16.004
Table 5.1 Fluid column resonances of a brass cylindrical shell (b/a = 0.87) showing kb
values determined experimentally and compared with different theoretical models. 
(Experimental data and plane wave results taken from Knapp & Beckett (1989).)
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The results obtained using the finite impedance boundary model are seen to be in 
good agreement with the experimental results, and a significant improvement upon the 
rigid boundary approximation. There is an exception, however, in the case of the (4,2) 
mode, where the agreement is not so good. It has been noted (Knapp & Beckett, 1989) 
th a t agreement between theory and experiment is noticeably poorer for all the (n,2) 
modes; the reasons for this are unknown. The failure of the finite impedance model to 
provide significant improvement over the rigid boundary approximation in the (4,2) 
case, suggests that something other than the impedance of the shell may be an 
im portant factor in this case. It is possible that other (perhaps broader) resonance 
modes may be interfering with the fluid column mode, making identification of the 
resonance frequency more difficult.
5.2 .5  Fluid column resonances of a brass cylindrical shell
Having established the validity of these theoretical techniques and discussed the 
experimental procedure for locating the resonances, we proceed to discuss the resonance 
behaviour and scattering behaviour of the circular brass cylindrical shell tha t has been 
used in the deformation study to be described later. This shell has radii of \A25mm and 
15.85mm, giving a radii ratio (b/a) of 0.90 - slightly thinner than the shell discussed in 
the previous section. The sample used in the experimental measurements had a length 
of 100 mm.
Using the technique described in Chapter 3, the fluid column resonances of the 
brass shell lying in a limited frequency band were located. The frequency band stretches 
from the (3,3) mode to the (3,4) mode, representing an interval in which we expect to 
find a single representative of each order n (for low n ). The results are given in Table 5.2. 
The tem perature in the tank was 17°, corresponding to a velocity of 1473m.r1 in water.
Only the n = 6 mode (6,2) is absent from this data. There was some evidence for
the existence of this mode, but it is thought to he close to the (1,4) fluid column mode 
and is in the vicinity of both the n =5 shell resonance and the n = 16 Stoneley wave 
resonance, making location of isolated modes extremely difficult.
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Mode (3,3) (1,4) (4,3) (7,2) (2,4) (0,5) (5,3) (8,2) (3,4)
kb 11.46 11.80 12.79 13.03 13.26 13.41 14.10 14.21 14.67
Table 5.2 Fluid column resonances of the brass cylindrical shell of circular cross-sec­
tion (b/a = 0.90); values determined using the Schlieren system.
The resonant frequencies of the (2,4), (3,3), (3,4) and (4,3) modes can be compared 
with the data in Table 5.1 for the thicker shell. All four of these values are found to 
differ by only 0.05/cb, which is presumed to reflect the different thicknesses (and there­
fore impedances) of the shells.
A Schlieren image of the (3,3) fluid column resonance mode of this shell was 
presented in Figure 3.4(a), other examples of resonance modes of the circular shell are 
given in Knapp, Beckett & Humphrey (1995).
The variation of these resonance frequencies as the shell is deformed is the subject 
of section 5.3. We shall firstly present the backscattering results for the circular cylin­
drical shell.
5.2.6 Backscattering measurements
Although the Schlieren visualization system allows us to locate and identify the res­
onance modes of the cylindrical shell, and can provide valuable insight into scattering 
processes involving cylindrical structures, the technique provides no information about 
the amplitude of the scattered field. In Figure 2.5 the predicted backscattered form 
function of the brass cylindrical shell currently being discussed was presented. From 
this figure it can be seen that the shell is extremely resonant, exhibiting many features 
that are so narrow that they would require an incident field having a very narrow 
angular spectrum in order to resolve them. The level of detail shown in Figure 2.5 would 
not be expected to be measurable with any limited size laboratory tank facility.
The parametric array facility described in Chapter 4 has been used to measure the
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backscattered form function of the circular cylindrical shell. The measurement tech­
nique was described in detail in section 4.4. Figure 5.1 shows the geometry used for 
making the backscattering measurements. All measurements were made at normal 
incidence (to the cylinder axis) and a t a range (r) of 25cm from the centre of the cylinder. 
The reference measurement was made by rotating the hydrophone by 180° and relo­
cating it a t the position of the cylinder (Figure 5.1). The backscattered form function 
was calculated from the ratio of the backscattered signal to that of the reference signal, 
normalized as in equation (2.9).
Initially a 0.5m sample of the brass tube was used as the test object, but it was 
suspected that waves running down the length of the cylinder were being established 
by the off-normal components of the incident wave-field. To minimize this effect it was 
decided to use lm samples.
An example of the backscattered time signal is shown in Figure 5.2. The long 
slowly decaying tail is characteristic of a resonant scatterer. The possibility of multiple 
reflections1 was investigated in great detail and we are satisfied tha t no such signals of 
any significant level are present in this time window. The possibility of waves running 
along the length of the tube and reflecting from the ends cannot be discounted. 
Figure 5.3 shows the form function obtained using a long portion of this time signal 
(0.43ms measured from the leading edge of the pulse) and a shorter portion (0.13ms). The 
result obtained using the shorter time signal shows a smoother variation and does not 
include many of the narrow features for which the long resonant tail is responsible. The 
experimental results obtained with the long time signal are compared with the theor­
etical predictions in Figure 5.4. The absence, in the experimental data, of the very 
narrowest resonance features at low frequencies is to be expected considering the now 
well known property of the parametric source - as an angular spectrum of plane waves 
- to smooth out such features in the form function. Even so, with this length of signal, 
the fluid column modes, such as the (3,4) mode marked in the figure, are being resolved 
in this measurement. An uncertainty in the shear wave velocity of brass, discussed in
1 Between cylinder and hydrophone, side walls, water surface etc.
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Knapp, Beckett & Humphrey (1995), may be giving rise to other discrepancies between 
theory and experiment in this figure. Figure 5.5 shows the narrow region between 
kb = 11 and kb = 15. From the theoretical curve we see tha t a great many narrow modes 
exist, some of which are evident in the experimental data obtained with the parametric 
array (Figure 5.4), and most of which are in good agreement with the data obtained 
using the Schlieren technique (also shown in the figure).
5 .2 .7  Discussion
A theoretical model has been presented that predicts the frequencies at which the fluid 
column modes of a flooded circular cylindrical shell are excited. Good agreement has 
been obtained with experimental data obtained using the Schlieren technique. These 
predictions also agree with those of the Normal Mode Series approach for the scattering 
of a plane wave by a circular cylindrical shell. In the next section (5.3) the fluid column 
model is extended to the more general case of the elliptical cylindrical shell. With this 
aim in mind we have presented experimental data (Table 5.2) for the fluid column modes 
of the undeformed (circular) brass shell (b/a =0.90) that is used in the elliptical study. 
The backscattering form function of the circular sample was also measured using the 
parametric array facility. Narrow resonance features (such as the fluid column modes) 
can ju st about be resolved with this system, but not so easily as with the Schlieren 
system, and not in a way that allows easy identification of individual modes.
Both of these experimental techniques will now be applied to the study of deformed 
(elliptical) samples of this same cylindrical shell.
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5 .3  E llip tica l cy lindrical sh ells: cav ity  reson an ces
In this section we discuss the results of a parallel theoretical and experimental 
investigation into the resonance behaviour of a deformed cylindrical shell. The back- 
scattering results are presented in section 5.4. As the deformed samples were 
approximately elliptical in cross-section, it was decided to model them as infinite 
elliptical cylindrical shells.
Of the nine fluid column modes located in the circular sample (Table 5.2, 
section 5.2.5), six were chosen for investigation. The six modes, in ascending order of 
frequency, were (3,3), (1,4), (4,3), (2,4), (0,5) and (3,4). Thus all the orders between 0 
and 4 are represented. All of these resonances were found between 190 and 250 kHz in 
a w ater medium.
5.3.1 Experimental results
The resonances within five brass cylindrical shells of differing eccentricity were located 
and photographed using the Schlieren system, and compared with theoretical predic­
tions made using a generalization of the models presented in section 5.2. Taking the 
internal semi-minor axis of each sample to be s, and defining a deformation parameter 
y= l- s /b ,  the five samples had deformations of y=0%,3.4%,6%,8% and 10.4%. All the 
samples were 100mm long and made by distorting samples of the same cylindrical shell 
as th a t described in section 5.2.5.
The experimental procedure used to locate the resonances of the shell was dis­
cussed in Chapter 3 and is the same as that used for the circular sample described above. 
The angle that the acoustic beam made with the major axis of the elliptical cylinder was 
varied depending on the symmetry of the resonance sought: all even solution resonances 
were found by insonifying along the major axis; the odd solution resonances required 
insonification at other angles in order to excite the modes.
The results are given in Table 5.3 and shown in Figure 5.6, relative to those of the 
circular sample. The distribution of resonances within the deformed shells was initially 
very confusing; many more modes were detected than for the circular sample, and the
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resonance patterns of many of these modes did not resemble those of the circular shell, 
and could not be easily classified. The ordering and classification of the data given in 
Table 5.3 was only possible after the theoretical investigations described in the next 
section had been performed. Further interpretation of the results will be postponed 
until then.
Y 0% 3.4% 6.0% 8.0% 10.4%
eccentricity 0 0.36 0.46 0.52 0.59
Mode/ kb kb kb kb kb
(3,3,o) 11.46 11.46 11.48 11.52 11.59
(3,3,e) 11.37 11.28 11.21 11.17
(l,4,o) 11.80 12.12 12.32 12.55 12.86
(l,4,e) i i 11.76 11.84 11.94 12.11
(4,3,o) 12.79 12.77 12.75 12.75 12.79
(4,3,e) i i 12.74 12.63 12.52 12.45
(2,4,o) 13.26 13.36 13.48 13.63 13.83
(2,4,e) i i 13.12 13.12 13.18 13.29
(0,5,e) 13.41 13.74 13.97 14.25 14.57
(3,4,o) 14.67 14.69 14.75 14.84 14.99
(3,4,e) i i 14.52 14.44 14.42 14.50
Table 5.3 Experimental locations of fluid column resonance modes of deformed shells. 
5.3 .2  Rigid boundary approximation
The fluid column resonances of a circular shell were shown above to he close to the free 
modes of vibration of the fluid column within a rigid boundary. An analogous approach 
was initially chosen to solve for the deformed shells. The ‘free* modes of vibration (i.e.
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with no incident wave) of a fluid column with elliptical boundary were calculated as 
solutions of the wave equation in elliptical coordinates. The geometry and parameters 
of the problem are given in Figure 5.7.
5.3.2.1 Elliptical coordinates
The coordinates p,v represent families of confocal ellipses and hyperbolae respectively
(Appendix Bl). An ellipse having ‘pseudo-radial’ coordinate p has an eccentricity 
e = sech(\i) and the distance between foci i s /  = 2le, where, for all ellipses having the same 
circumference, the semi-major axis (/) and semi-minor axis (s) are related by (s + /)/2 = b , 
where b is the radius of the limiting circle (e = 0) from which the ellipse is deformed. If 
the inner and outer boundaries of the shell (denoted b and a respectively) are parallel, 
then pa = pfr = pa and the boundaries have the same eccentricity, but different interfocal 
distances f a, f b. In the circular limit, cosh(pa) - » f a cosh(pa)/2 a and/*cosh(p0)/2 -> b as 
the foci coalesce; a and b are then the outer and inner radii of the circular shell.
5.3 .2 .2  Wave equation and its solutions
Writing Helmholtz’ equation in elliptical coordinates we obtain
d2P d2P f ,  2, . 2 „—-T + — + (cosh LI-cos v)P =0. 
ojLi 3v 4
(5.9)





(  f k 2 
x - J—  cos2v
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0(v) = 0
(  f k 2 i — — cosh2p 
o
j  0i) = o,
(5.10)
(5.11)
where i is the separation constant. Equation (5.10) is Mathieu’s equation 
(Appendix B2) and has solutions
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jce„(<7 ,v)l (5.12)
‘  ~ K (< 7 ,v ) j
where ce„ are even Mathieu Functions of order n , son are odd Mathieu Functions, and q 
is a dimensionless param eter given by
f t *  (5.13)
2 9 - T -
Periodicity in the coordinate v implies that n must take integer values. The even/odd
property refers to symmetry about the major axis (v = 0).
For the same value of i ,  equation (5.11), known as the ‘Modified Mathieu’s 
equation’, has corresponding solutions
[>,,(<7.11)1 (5.14)
J \  jo n( q ,v ) \  ’
where je„ and jon are ‘Radial Mathieu Functions’ of order n , and even and odd symmetry
respectively. The Mathieu Functions are infinite series of circular functions, and the 
Radial Mathieu Functions are infinite series of hyperbolic functions. Each even/odd 
Mathieu Function has either k  or 2 k  periodicity, so there are four bands’ of solution to 
Mathieu’s equation, and four corresponding solutions to the Modified equation. 
Therefore, the solution of Helmholtz’ equation for the pressure P consists of the 
functions
\cen(q , \ ) jen(q,]l)\ (5.15)
"  V’^ |w „(?,v)yo„(?,|l)} ’
each product being associated with a particular value of i, which is in turn  dependent 
upon n and q (and hence k). In the limit q -> 0,
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cen{g,v) -»  cos n§
son(q , \ )  —» sinn(t>
(5.16)
jo -> JJkr),
the functions become the famihar circular functions (q -  0 => /  = 0) and the notation has
been chosen to reflect this behaviour.
Boundary conditions applied at p = p<> limit the values of q to a discrete set of real
eigenvalues.
5.3.2.3 Boundary conditions
At a rigid boundary the component of particle velocity normal to the inner surface of the 
shell m ust vanish. In a manner analogous to that of section 5.2.2 the resonance modes 
(<7„ m) of the elliptical cavity are calculated as solutions of
from which the wave numbers can be calculated. The fact that je jo as q -» 0 implies 
that q^m and hence
which is simply the statem ent that the odd and even resonance frequencies are equal 
in the circular limit. For the n=0 case, only even solutions exist.
j e ' n(qb,V-o) = 0  
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In summary then, the pressure distribution can be seen to consist of a series of 
normal modes characterised by their symmetry, and by the integers n and m. We denote 
these normal modes (/z,m,e) (even solutions) and (n,m,o) (odd solutions), and we can 
write the pressure distributions of these modes
^ i ( v , |x )  = ce„ (?^ ,v )ye„(^ i,|x ) ; (even)
(5.19)
P«(v.H) = « .(? « . ; («**)•
Common to both the calculation of the resonance frequencies and the acoustic pressure 
fields is the determination of the coefficients in the M athieu Function series, and it is 
the computation of these tha t proves to be most problematic. Further details are given 
in Appendix B2.
5.3 .3  Preliminary theoretical results
The model described above can be used to predict the behaviour of the fluid column 
modes as the eccentricity of an initially circular cavity is increased.
An ellipse has two degrees of freedom with respect to changes in its shape; both 
its eccentricity and its overall size can be altered. This means that the wave number 
for a particular mode will be a function of two variables. Ultimately we are really only 
interested in the variations with eccentricity. We choose b =(s + l)/2 to be the variable 
describing the ‘size’ of the cylinder, where b is the radius of the circle having the same 
circumference as the ellipse, i.e. the circle from which the ellipse was deformed. Thus, 
for deformations that keep the circumference constant, b will be constant. Code was 
written to find the solutions of (5.17) and to calculate the pressure distribution in the 
fluid column (5.19).
Concentrating on the six modes that were the subject of the experimental 
investigation, the model was used to calculate the frequencies of the modes at different 
eccentricities and to calculate the acoustic field in the cavity. The variation of resonance 
frequency with deformation is shown in Figure 5.8 where it is seen that each resonance
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of the circular shell splits into two as the symmetry is broken; except for an n = 0 res­
onance at kb *13.4, which is isolated. The agreement between theory and experiment 
is good enough to allow the experimental data to be interpreted; each of the 
experimentally observed resonances can be associated with a particular branch of the 
plot, and thus with a resonance of the circular (undeformed) fluid column. Further 
comment upon this behaviour is postponed until section 5.3.5 where a more accurate 
model is used in the predictions.
In Figures 5.9 and 5.10 theoretical predictions of the Schlieren images are pres­
ented alongside experimentally obtained results for the field inside the fluid column. 
The theoretical plots show the optical distribution calculated using a value of the 
Raman-Nath param eter (v j of 3.4, which was shown in Chapter 3 to give a reasonably 
accurate representation of both the pressure distribution and the experimental images. 
The (3,4) fluid column mode is shown for three of the deformed samples of differing 
eccentricity. Modes lying on the odd branch (Figure 5.9) are seen to resemble the (3,4) 
mode of the circular cavity; but the even modes (Figure 5.10) are very different in 
appearance to anything previously seen in the circular cavity. Only small deformations 
are necessary to alter the appearance of many resonances significantly. The agreement 
between theory and experiment is very good, validating the theoretical approach of the 
previous section, and the approximation of the deformed shells to elliptical cylinders.
The agreement between the experimentally measured wave numbers {kn>m) and the 
predictions of the rigid body approximation was not considered satisfactory by the 
author and improvement was sought. The differences are attributed to the finite 
impedance of the brass shell and the non-elliptical nature of the cavity. The latter 
cannot easily be dealt with; either high precision elliptical shells would have to be 
manufactured or numerical techniques employed to solve for general two-dimensional 
boundaries. The finite impedance of the elliptical shells, however, can potentially be 
allowed for in a manner analogous to that used for the circular shell.
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5 .3 .4  Impedance boundary
The solution of the internal problem involving a finite impedance boundary was alluded 
to in section 5.2.4, where it was shown (for the circular geometry) to give greatly
improved agreement with the experimental measurements. We shall now apply this
even and odd parity, and period k  and 2 k , exist; but for brevity we shall suppress ref­
erence to them, and their arguments, referring only to a solution denoted P(x), where x 
is a or b and the arguments may be deduced from the context of the equation.
At the inner boundary (b ) the normal component of velocity in the fluid column (V,) 
is related to the pressure (Pfl) by
technique to the elliptical geometry. As with the rigid boundary formalism, solutions of
i dP„(b) j 1 d P / b )
copf  dn copfh^ d \i
(5.20)
where co is the angular frequency, dn =hvd\i is normal to the ellipse, and the metric
hp = ft, V(cosh(2p0) -  cos(2v))/8 is a function of the angular coordinate (v). The boundary 
conditions at b can be written
(5.21)
Vr(b)
where Zinp is the mechanical surface impedance of the shell and Pfl/Vr is the radiation
impedance on the inner surface. Combining (5.20) and (5.21) we obtain
(5.22)






“P V ~  b
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where PIay, the pressure in the layer, depends upon boundary conditions at the outer 
boundary a . Substituting this expression into (5.22) yields
C0pr_ Piay(b) (524)
P  # )  +  * - Z - P f l Q > )  =  0  W h e r e  X inp =  J _  dPu,, ’
inP «P —  b
this equation having no angular dependence. Knowledge of Zinp (orXinp) would constitute
a complete solution of the scattering problem. Unfortunately Zinp is unknown, and its 
computation rather problematic. In the present study we do not calculate Xinp exactly, 
but seek an approximation, as follows. In the circular limit (fb->0), d\i-*dn/b  and 
Xinp —»Zcirc/bt where Zcirc is the input impedance of a circular shell of inner radius b. The
use of Zcirc in equation (5.24) for eccentricities greater than zero, amounts to the
approximation that the input impedance is that of a circular shell irrespective of 
eccentricity. The impedance of the circular shell can be approximated to that of an 
‘acoustic’ shell characterized by only one velocity (as in equation 5.7);
4ln2kfab -i(xr„s„ + p„qj%) (5-25)
circ ~  P Cl 2 . 2 /  5%+qJx
where % = ZJpcly Zw = -ipfcfH„(ka)/H'„(ka), and r„,s„,pn and q„ are products of Bessel
functions and their derivatives, as shown in equation (5.7) and defined in Abramowitz 
(1972, p.361). As in section 5.2.4 we can further approximate the surface impedance to 
the input impedance of a planar layer having the same thickness;
p^+ZpC/tan^/la-b] )  (5.26)
z , ™=p Cl pci + ipjcf t2in(ki[a - b ] ) ‘
Both expressions (5.25) and (5.26) have been found to give very similar values for the 
surface input impedance, and produced insignificant differences in the final results. 
Therefore in the present study, the simpler expression for the planar layer is used 
throughout. With these approximations, equation (5.24) becomes
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p fCfkb (5.27)
P 'fl(b) + i Z ^ P fl(b) = 0 .
' inp
The roots of (5.27) are qen% and the corresponding wave numbers are k'% (found from
(5.13)). As in section 5.3.2 each (n.m) labels a pair of resonances (even and odd) that are 
degenerate in the circular limit. The results of the rigid boundary approximation 
emerge from the above formalism (5.27) as the special case Zinp = i.e. / > »  = 0.
5.3 .5  Results and discussion
This modified theory was used to recalculate the resonance frequencies of the elliptical 
cavity and found to provide better agreement with the experimental results than the 
rigid boundary approximation did. The results are shown in Figure 5.11.
All of the even solutions (except (0,5)) have an initial decrease in the kb value as 
the shell is initially deformed. As it is deformed still further however, the kb values 
begin to increase again and eventually become greater than the initial values for a 
circular shell. It would seem that the modes having lower values of n do not have as 
great a decrease in kb as do the higher order modes. Compare (l,4,e) and (3,4,e) for 
example. The (0,5,e) mode does not decrease at all. Comparison of the (3,3,e) and (3,4,e) 
modes show that the number of wavelengths across the diameter (m) does not play such 
a large part in the variations as does the order (n).
The odd solutions behave differently. The n= 3 and n = 4 resonances show a slight 
decrease before k begins increasing, while the lower order modes begin increasing 
immediately.
So it is seen that the nature of the splitting, for low eccentricity, is largely 
dependent upon the number of wavelengths (n) around the cylinder in the angular 
direction. Degeneracies can be seen to exist at certain eccentricities where the curves 
cross. These are known as ‘level crossings’. As the deformation increases to high values, 
all the resonance frequencies increase, as might be expected considering that the volume 
decreases as the eccentricity increases (since the circumference is constant).
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The remaining differences between the experimental results and the theoretical 
predictions are thought to be mainly due to a certain amount of‘flattening* th a t occurred 
along the portions of the ellipse in contact with the jaws of the press with which they 
were produced. This flattening is only noticeable for the highly eccentric samples. It 
was this tendency to flatten and buckle that prevented samples of higher eccentricity 
from being produced.
5.3.5.1 Theoretical predictions for highly eccentric cavities
As we have already seen in Figure 5.11, all of the resonance frequencies, whether they 
be even or odd solutions, ultimately increase with eccentricity. Although experimental 
results could not be obtained for higher eccentricities, the theoretical calculations have 
been extended to predict the behaviour of the wave numbers, and the acoustic field, at 
these much higher eccentricities.
Figures 5.12 shows a sequence of images for the (1,4) resonance modes, of both 
even and odd symmetry, as the ellipse is deformed to high eccentricities. It is seen that 
the pressure variations become increasingly confined to the centred portion of the 
enclosure, bounded by the sections of perimeter having the least curvature; there being 
no pressure variations near the highly curved ends of the ellipse. The ellipse begins to 
act as a pair of parallel plates with respect to wave-fronts parallel to the major axis (i.e. 
variations along the minor axis) and we would expect the kb values of the resonances to 
behave accordingly (i.e. to vary linearly with 1/s ; s = semi-minor axis) as has been shown 
to be the case (Chinnery, 1990).
5 .4  B ackscattering  by an ellip tica l sh ell
Backscattering measurements were made with a 1 m brass cylindrical shell of the same
dimensions as that used in the resonance study, and in the backscattering measure­
ments of section 5.2.6. The sample was initially circular and was deformed by 5%. The 
cylinder was suspended from the rotation stage by nylon thread, and could be rotated 
to any angle (0) with respect to the incident beam (Figure 5.13). At each angle 0 the
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averaged time signals were recorded, and the form function calculated in the same way 
as were those of the circular sample.
Results for the two principle orientations of the deformed sample, 0 = 0° and 90°, 
are compared with the form function of the undeformed sample in Figure 5.14. These 
two orientations involve insonification of the shell ‘end on’ and ‘side on’ respectively. 
Significant differences can be seen between all three measurements, in particular in the 
locations of the peaks and troughs in the form function (e.g. kb~l). At certain frequencies 
(e.g. kb~\42) the amplitude of the backscattered signal is seen to differ greatly between 
the two orientations of the deformed shell. These results indicate the sensitivity of the 
scattering to orientation of the cylindrical shell, and are thought to be due to the exci­
tation of resonances (i.e. peripheral waves).
The complete angular dependence of the backscattered signal is shown in 
Figure 5.15 for the narrow band of frequencies discussed in section 5.3. The cylinder 
was rotated in 2° steps under computer control, 0° corresponding to the incident beam 
parallel to the major axis of the ellipse. The strongest reflections are seen to occur when 
the cylinder is insonified side-on (90°), but at some frequencies the maxima occur at 
other angles. There is a general tendency for features to move up in frequency as the 
cylinder is rotated. This is to be expected from simple considerations involving the 
changing dimensions of the cylinder ‘seen’ by the incident beam. Examples of the 
variation of form function with incident angle are given in Figure 5.16 for two fre­
quencies. The variations in backscattered amplitude are quite large considering the 
extent to which the cylinder has been deformed.
5.5 Summary
This chapter has presented experimental evidence of how the fluid column resonances 
of circular cylindrical shells behave as they are deformed, and how the backscattering 
properties of a deformed shell differ from those of the circular (undeformed) sample. 
Both the Schlieren visualization technique and the parametric array facility have been 
employed in these studies with great success.
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Six fluid column resonances were located in five ‘deformed’ shells of differing 
eccentricity. The resonances were located using Schlieren and photographs of the res­
onance patterns obtained with the system.
Simple theoretical models for the standing waves within rigid circular and 
elliptical boundaries have been described, implemented numerically, and used to predict 
resonance frequencies and acoustic wave-fields of the fluid column modes of the cylin­
ders. Good agreement with experiment has been obtained, despite the simplicity of the 
model (which assumed the boundaries to have infinite impedance) and possible 
differences caused by the non-elliptical nature of the shells prepared experimentally. 
Theses models were extended by including the effects of a finite impedance boundary, 
and substantially improved agreement was obtained.
Theoretical predictions were extended to predict the behaviour of the resonance 
frequencies and acoustic fields within highly deformed cavities, but shells of such high 
eccentricity could not be prepared for experimental investigation.
Other types of resonance of the cylindrical shells (shell resonances and Stoneley 
wave resonances) have not been discussed, although they have all been observed within 
the elliptical shells using the Schlieren system. The full theoretical calculations for 
insonified shells would need to be implemented in order to provide detailed information 
about these resonances.
Both experimental systems have proved to be very useful tools in the study of 
resonance scattering from cylindrical shells with non-circular symmetry, and would be 
expected to provide valuable insight into the resonance and scattering behaviour of 
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Figure 5.3 B ackscattered form function of circular shell; m easurem ents m ade by an a­
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Figure 5.5 Resonances located w ith the Schlieren technique; comparison of exper­
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Figure 5.6 Experim ental locations of resonances in deform ed  shells (points) compared 









Figure 5.7 Elliptical coordinate system and geometry of the elliptical shell.






Figure 5.8 V ariation of resonance frequencies w ith eccentricity; rigid boundary 












































F igure 5.9 (3,4,12) fluid column resonances of elliptical shells of different eccentricity e 
(% deform ation y). Theoretical model (left) and  Schlieren im ages (right).
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Figure 5.10 (3,4,fi) fluid column resonances of elliptical shells of different eccentricity 
e (% deform ation y). Theoretical model (left) and  Schlieren im ages (right).
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Figure 5.11 V ariation of kb w ith  deform ation (y) for selected fluid column resonance
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Figure 5.12 Predicted pressure distribution of the (1,4) fluid column modes in ellip ti­
cal cavities of different eccentricity. Odd (left) and even (right) solutions.
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Figure 5.13 S cattering  geom etry for backscattering m easurem ents involving the 
deformed brass cylindrical shell.
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Figure 5.14 M easured form function of deformed brass cylindrical shell; deform ation
(y) of 5%. Incident beam  90° to m ajor axis (-------), 0°.(.......... ) and
circular sam ple (--------).
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Figure 5.15 Variation of m easured form function w ith frequency (kb) and incident 
angle (0); kb range 11-15.
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Figure 5.16 V ariation of m easured form function w ith incident angle a t two 
frequencies; kb = 10.1 (o) and kb = 14.2 (•).





The scattering of acoustic waves by objects of various geometry, made of isotropic 
materials, has been extensively studied over the years. Many structures of interest in 
the underwater environment are comprised, in part at least, of panels or layers of 
material. A brief review of the theoretical aspects of isotropic layers has been given in 
Chapter 2 . Less attention has been paid to materials which are anisotropic, such as 
fibrous composites. For anisotropic media the theoretical approaches described in 
Chapter 2  are not applicable, and other models must be sought. One reason for the 
comparative paucity of research on scattering from objects made of such complex 
m aterials is the greatly increased complexity of the equations describing propagation in 
anisotropic elastic media, and the resultant computational problems, which often pro­
hibit solution. With the current trend towards faster and more powerful computing 
systems, it becomes possible to computationaly investigate scattering problems that 
involve anisotropy (and other complexities).
Fibre-reinforced materials are increasingly being used in the marine environment 
for the construction of strong, lightweight, structures. One advantage of these, and 
other composite materials, is that their acoustic and elastic properties can potentially 
be determined a t the design stage; allowing structures with prescribed (or optimal) 
acoustic performance to be built. A good introduction and review of the use of composites 
in marine structures is given by Smith (1990).
Much of the study reported in this thesis has concerned itself with the acoustics of 
cylindrical shells made of isotropic materials. The question arises, what effect does 
anisotropy have upon the acoustic behaviour of such cylindrical objects (or other axi- 
symmetric structures) ? However, before the acoustics of such complex structures can 
be investigated it is necessary to develop theoretical models and experimental 
techniques to investigate the simpler case of the planar geometry. Obviously this case 
is also of importance in its own right. What we ultimately wish to know is how the
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presence of anisotropy affects the acoustics of structures of various geometry, and how 
it can be used to advantage. This Chapter concerns itself with the anisotropy of planar 
layered media.
Advanced composites, such as fibre-reinforced materials, are both anisotropic and 
inhomogeneous. For low frequencies where the wavelength is much greater than the 
fibre dimension, the material can be assumed to be homogeneous, although this 
assumption may break down in certain composites due to the presence of voids, bubbles 
and other defects resulting from the manufacturing process. Assuming the materials 
to be homogeneous, we can use theories of anisotropic elasticity to model the acoustics 
of fibrous materials, and the structures that incorporate them.
In the case of the flat anisotropic plate the main differences from the isotropic case, 
described in Chapter 2, are (i) the type of waves that propagate, (ii) the number of waves 
that propagate, (iii) the variation of velocity with direction, (iv) the deviation of the 
direction of energy flow from the direction of the wave vector, and, (v) the interaction of 
three distinct modes at the boundaries of the layer.
In this chapter we shall present the results of an experimental study into the 
acoustic behaviour of a glass-reinforced plastic panel. The parametric array facility 
described in Chapter 4 has been employed in this study. In order to interpret experi­
mental measurements made in the laboratory, it is im portant to develop theoretical 
models that predict the acoustics of such anisotropic laminates. In this way we can hope 
to discover which features in the experimental results can be attributed to anisotropy, 
and which should be attributed to other causes. The model used here for wave propa­
gation involving anisotropic layered media was based upon th a t of James (1990) which 
has subsequently been published (Skelton & James, 1992).
We discuss wave propagation in anisotropic materials and the acoustics of planar 
anisotropic laminates. We illustrate theoretical and experimental techniques by pres­
enting results for a unidirectional layer which clearly illustrates the differences in 
acoustic behaviour between isotropic and anisotropic materials.
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Our primary interests in this chapter are: the application of the parametric array 
facility; the development and validation of the theory; and the differences in acoustic 
behaviour from tha t of the isotropic layer.
Musgrave (1954a) was one of the first to study in detail the propagation of waves in 
anisotropic media, paying particular attention to hexagonal media (Musgrave, 1954b). 
Good introductions to wave propagation in unbounded anisotropic media are given in 
the books by Musgrave (1970) and Auld (1990).
One reason tha t the anisotropic layer is of interest is due to the ‘free modes’ of 
vibration of such layers, and their effect upon the scattering behaviour of the layer. 
Although such guided waves in the isotropic layer are well understood, the anisotropic 
layer has received much less attention. The propagation of waves in anisotropic layers 
was first studied by Solie & Auld (1973). The main interest lies in the field of ultrasonic 
testing of materials. A more recent introduction and review of the plate wave modes of 
the anisotropic layer is contained in Li & Thompson (1990).
Transmission and reflection by the anisotropic layer have been dealt with by 
Chedid-Helou & Hemann (1991), Mai & Ting (1988) and Nayfeh & Chimenti (1991), 
among many others. The characterization of anisotropic materials and determination 
of their elastic constants is a field that has attracted enormous interest in the last few 
decades, but this aspect is not dealt with here. An example of the techniques used to 
obtained elastic constants for orthotropic materials is given by Hosten (1991).
A new approach to the acoustics of anisotropic planar layered media was proposed 
by James (1990), for orthotropic media, and Skelton & James (1992), for general (tri­
clinic) media. This approach, to be described in this thesis, is currently being applied 
to fibre-reinforced laminates of other geometry (Skelton, 1993), such as the anisotropic 
cylindrical shell.
The use of a parametric array facility for making reflection and transmission 
measurements on flat plates was mentioned in Chapter 4. Of the work reviewed there, 
Humphrey (1985) gave a single experimental result for a glass-reinforced plastic panel
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at normal incidence. This result does, in a sense, m ark the very beginning of the 
investigations into anisotropic layered media undertaken at Bath, of which the current 
work is a part.
6.2 Theory
The theoretical model used in our study of the acoustics of anisotropic laminates is 
developed in stages, in a m anner tha t hopefully gives insight into the way the acoustics 
of fibrous layered media differ from those of isotropic materials described in Chapter 2. 
Firstly we discuss how fibrous composites can be modelled as anisotropic media, and 
how wave propagation in such anisotropic media can be modelled. We then discuss wave 
propagation involving a layer of anisotropic material, the free vibrations of the layer, 
and, finally, the interaction of a plane wave with the layer. The non-planar nature of 
the parametric source will be discussed in a subsequent section (6.4.4), after the 
experimental results have been presented.
6.2.1 Modelling fibrous com posites
Under certain conditions a composite material can be modelled as a crystalline medium 
possessing a set of ‘effective elastic constants’. These effective constants can be 
measured experimentally, or predicted theoretically if the composite is modelled cor­
rectly. Models of fibre-reinforced composites make certain assumptions about the fibres, 
the matrix, and the interaction between them. These assumptions m ust be remembered 
when using effective elastic constants in mathematical models involving the composite.
We first assume tha t the fibres are straight, parallel, of uniform cross-section, and 
extend continuously through the matrix. We also assume that the matrix is homo­
geneous and free of defects (Tewary, 1978). If we assume that the fibres are distributed 
randomly throughout the m atrix then the composite possesses ‘transverse isotropy’ and 
can be modelled as a hexagonal medium, having five independent elastic constants. In 
practice, due to manufacturing techniques, the composite may not possesses transverse 
isotropy, and is better modelled as orthotropic, as Nayfeh & Chimenti (1988) have found.
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6.2.1.1 Experimental determination of effective elastic constants.
Because the velocities of waves in a material are related to the elastic constants, 
ultrasonic velocity measurement techniques can be used to determine the constants. In 
general, the greater the number of constants to be determined, the more ultrasonic 
velocity data m ust be obtained, and the more complex is the mathematical manipulation 
of the data required to extract the constants. The material used in the measurements 
described in this thesis was modelled as a hexagonal medium; the five stiffness con­
stants (C,y) were previously determined (Sutton & Ryall, 1986) using the velocity tech­
nique. The data obtained is shown in Table 6 .1 and is used throughout the chapter.
Cn
(GPa)




13.2 6 . 2 6.4 3.6 27.0 1660 11.4
Table 6 . 1  Material properties of glass-reinforced plastic (Sutton & Ryall, 1986). 
6.2.2 Waves in anisotropic media
In this section we consider the case of wave propagation in bulk anisotropic media. We 
concentrate first on the characterization of an anisotropic media, the propagation of 
waves in an unbounded anisotropic media, and then discuss some predicted properties 
of the fibrous composite material of interest in the present study.
In Chapter 2, wave propagation in isotropic media was discussed, and it was seen 
how the displacements could be expressed in terms of two potentials governing the 
propagation of compressional and shear waves. This is not the case for general aniso­
tropic media, and an alternative approach m ust be taken.
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6.2.2.1 Characterisation of anisotropic media
Mathematically, the elastic properties of a material are described by the elastic stiffness 
constants (qjkJ) which relate the stresses in the material (t) to the strains (Z):
(6.1)
Although c is a fourth rank tensor having 81 elements, only 21 of them are independent.
Using the reduced subscript notation (Appendix C l) these 21 elements can be written 
as the elements of a sixth order symmetric matrix C . In this notation the stress tensor 
reduces to a vector with six elements [% %, %, %, O^]1, representing the six independent
elements of stress. Similarly there is a corresponding vector of strains. The 
stress - strain relation (6.1) can then be written
= >61 (6.2)
and the strain - displacement relation is
z , ' = V / t t i :  i : 63] (6.3)
where the differential operator (V) is defined in Appendix Cl.
The case where all 21 elastic constants are independent corresponds to media 
whose symmetry are described by the triclinic point group. For media possessing 
greater symmetry the elastic stiffness matrix simplifies, as many of the elements are 
interdependent. For hexagonal m aterials there are five independent elements. In a 
coordinate system in which the principal axis of symmetry is the z-axis (Figure 6.1) the 
stiffness matrix for hexagonal media is
C =
C)2 C13 0 0 0
c a Cn Ci3 0 0 0
Cx 3 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 |( C „ - C 12)
(6.4)
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The term C** = (Cn - C 12)/2 reflects the transverse isotropy of hexagonal media. In a
coordinate system O r ',  y',z') rotated with respect to this system, elements of the stiffness 
matrix are given by
C {](x , y , z ' )  = M ik Mjt Cu( x , y , z ) , (6.5)
where M is the Bond stress transformation matrix (Appendix Cl). For the case of a




C13 C12 0 0 0 "
c 13 C33 c 13 0 0 0
Cn Ci3 C„ 0 0 0
0 0 0 C44 0 0
0 0 0 0 h c LI — C12) 0
0 0 0 0 0 C44
degenerate forms of the orthotropic
Cl 2 C13 0 0 0 "]
C12 C22 C%i 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C&6 J
(6.6)
(6.7)
having nine independent elements.
6.2 .2 .2  Wave propagation in anisotropic media
Having characterized fibre-reinforced materials by the elastic stiffness constants of 
anisotropic crystalline media, we now turn  our attention to the propagation of waves in 
such media. We will develop the theory for an orthotropic medium; hexagonal and 
isotropic media being ju st special cases involving degenerate stiffness constants.
In a source free medium acoustic waves must satisfy the acoustic field equation
6.2.2 Waves in anisotropic media
6.2 Theory 119
_  a2t/, _  2 (6-8)
dxj ~ P dt2 ~ P“  ' =
where U is the displacement vector, p is the density of the medium and © is the angular
frequency of waves, assumed to have a time dependence e,a. In reduced subscript 
notation the equation is written
v, • % = -pco1ui (6.9)
where the differential operator V • is defined in Appendix Cl. Substituting (6.2) and 
(6.3) into (6.9) we obtain
[V ,-Q V u + pco25,]f/, = 0 (6.10)
which is the anisotropic equivalent of equation (2.1). Equation (6.10) is more usually 
written
[k r,7 — p(0 8,-Jf// = 0 [/,/ = 1,2,3] (6.11)
where k is the wave number, 8 is the Kroneker delta and T is the symmetric ‘Christoffel
Matrix’ whose elements are functions only of the direction of propagation of the wave in 
the medium. For an orthotropic medium the elements of r  are given in Appendix C2. 
For (6.11) to be true requires that the characteristic determ inant vanish;
|£ 2r  -  pco28 | = 0. (6.12)
For fixed © this is a cubic equation in Px, By and It is a dispersion relation that
describes how k varies with its direction in the medium, the roots ±k‘ ( /  = 1,2,3) 
representing three distinct waves. The dispersion relation therefore has three sheets, 
in k-space, known as the wave vector surfaces. The displacements, found by back-sub­
stituting the roots kl into (6.10), have components both parallel and perpendicular to the 
direction of propagation, and so cannot be described as pure compressional or pure shear 
waves. However, the displacement vectors of the three waves are mutually orthogonal,
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so tha t there exists one wave with displacement vector closer to the direction of 
propagation than to a plane normal to it; the remaining two waves having displacements 
closer to the plane normal to the propagation direction. The former wave can be 
described as ‘quasi-compressional’ and the latter as ‘quasi-shear' waves. Only in special 
directions in the medium will waves be pure shear or pure compressional; these 
directions are called ‘Pure Mode Directions’ and can include non-symmetry as well as 
symmetry directions (Auld, 1990). Instead of the ‘wave vector surface’, the directional 
dependence of the propagation characteristics of a medium are usually illustrated by 
the ‘slowness surface’, or, inverse velocity surface, which shows how klto (= 1 /velocity) 
varies with direction for each of the three different waves.
6.2 .2 .3  Slowness curves for glass-reinforced plastic
Using the measured data for glass-reinforced plastic (Table 6.1, section 6.2.1) we are 
able to calculate sections of the slowness surface for this material. Figures 6.2-6.4 show 
sections of the slowness surface for three planes orientated at different angles to the 
fibre direction.
Figure 6.2 shows the variation in slowness of the three waves when they propagate 
in the plane of transverse isotropy. S„ is the component of slowness normal to the 
symmetry axis of the material and Sr is the component perpendicular to this in the plane 
of propagation of the waves; in this case Sr is also normal to the symmetry axis and so 
both directions are equivalent. All the waves are pure waves; the innermost curve 
representing the compressional wave and the outer curves representing the shear 
waves. In general the shear wave whose displacement vector is normal to the plane of 
incidence (along the symmetry axis) has a different velocity to that of the shear wave 
whose displacement is in the transverse plane itself, and this is reflected in differing 
magnitudes of the (constant) slowness for the two waves (i.e. different radius circles) as 
shown in Figure 6.2. For this particular material the difference is rather small.
Figure 6.3 shows how the slowness of the three waves vary when propagation is 
in a plane containing the symmetry axis, i.e. a zonal plane. Here Sr is the slowness
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component along the fibre axis. In this case only the wave whose displacement vector 
is normal to the plane of propagation, and thus normal to the symmetry axis, will be 
pure shear, the other two waves being quasi-shear and quasi-compressional, as is 
reflected in the varying magnitude of their slowness as a function of propagation 
direction. It can be seen that the two ‘shear’ wave velocities are the same when 
propagation is along the symmetry axis itself, this is because both displacements vectors 
are again in the transverse plane. These shear waves propagate with a velocity equal 
to that of the shear wave which propagates in the direction normal to the fibres with 
displacement vector parallel to the fibres (Figure 6.2).
The more general case of waves propagating in the plane orientated at 45° to the 
symmetry axis is shown in Figure 6.4. None of the waves are pure here, the constancy 
of one of the shear branches is due to the near degenerate nature of the measured elastic 
constants.
It would appear that for the material characterized by the measured effective 
elastic constants there is a shear wave that is pure for propagation in all directions, this 
may be due to the method by which the constants were obtained.
6.2.3 Waves in an anisotropic layer
In this section we present the theory for propagation of waves in a planar layer of ani­
sotropic solid. The elastic layer is characterized by a ‘stiffness matrix’ which relates 
the stresses and displacements at the surfaces of the layer. The theoretical details 
pertaining to the fluid loading of a layer, the free vibrations of a layer, and the reflection 
and transmission of waves by the layer, are not directly dependent on the layer con­
stitution (i.e. isotropic or anisotropic); only the stiffness matrix for the layer need be 
known. So although the properties of anisotropic and isotropic layers will obviously be 
quite different, having obtained expressions relating the displacements and stresses at 
the surfaces of a given layer, subsequent theoretical development is essentially the same 
as for the isotropic layered media. The theoretical development presented here is based 
upon th a t of James (1990).
6.2.3 Waves in an anisotropic layer
6.2 Theory 122
6.2 .3 .1  Stiffness relation for an anisotropic layer
For the anisotropic layer we must solve the Christoffel Equation (6.10) to obtain the 
surface displacements and again use equations (6.2) and (6.3) to obtain the surface 
stresses. The derivation is rather lengthy; details are summarized in 
Appendices C3-C5. The equation is solved in the spectral domain1 where the differential 
equations are reduced to algebraic equations facilitating a simpler solution. The 
equations are solved for media possessing orthotropic symmetry. The geometry is as 
shown in Figure 6.5. A relationship between surface spectral stresses (T1,2) and surface 
spectral displacements (U1,2) is obtained;
(  c c \  1^1 *^12 fZ7 ')
l? J ^21 *-*22 y W
where ^  are 3 by 3 submatrices. This relationship is the analogue of equations (2.4) for 
the isotropic layer.
This then is the relationship between the stresses in the layer at the upper and 
lower interfaces and the displacements of these interfaces. At a given frequency © and 
given wave numbers (kx and ky), the elements of the m atrix s, known as the ‘stiffness 
coupling matrix’, are functions of the elastic constants, density, and thickness of the 
layer.
The anisotropic layer thus described, is essentially an elastic ‘finite element’, and 
can be easily incorporated into various planar scattering systems. As yet, no mention 
has been made of the fluid loading to which the anisotropic layer is subjected.
6.2 .3 .2  Fluid loading and the 'stiffness relation' for the layer
Similar relationships between the stresses (pressures) and displacements in the fluid 
half-spaces can be derived; details are given in Appendix C6. Denoting the stresses in 
the fluid at the upper and lower interfaces Tl and T2  respectively, relations of the form
1 Spectral forms of variables are defined in Appendix C3.
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r 1,2 = +S/U1,2 (6-14)
are obtained where Sf  is the ‘stiffness matrix’ for the fluid half-spaces and has only one
non-zero element, as would be expected.
The formulation so far has made no mention of any coupling between the elastic 
layer and the loading acoustic half-spaces, neither of any means of exciting the system. 
We will here introduce excitations as we ‘assemble’ the system (layer and fluid 
half-spaces) by asserting conditions of joint equilibrium at the upper and lower
interfaces (Figure 6.5). In what follows we will omit the notation for spectral forms of
variables.
At the upper interface, for equilibrium to be maintained, we m ust have
F ' = < f - T '  (6.15)
where Fl is a vector describing the external force applied to interface (1). Such forces
are defined to be positive when acting in the positive z direction. Substituting for Tand 
T using (6.13) and (6.14) we obtain
F 1 = SnU ' + Si2U2 + S / U (6.16)
where = p/0)2//y is the contribution from the fluid loading half-spaces (all other
are zero). Similarly, at the lower interface (Figure 6.5)
F 2  = - t f  + T 2, (6.17)
from which
F 2  = -S n U l - S 2iU 2 + SlU 2. (6.18)
Equations (6.16) and (6.18) together constitute a matrix relation between the applied 
stresses F 1,2 and the interfacial displacements U1’2;
(6.19)r F 1'
= £F 2 Vr




r  * . c  .  \  (6>20)1^2
“  5zi — $ 2 2  + S fj
Defining a vector of interfacial applied stresses, or excitations; F=(Fl,F2) and dis­
placements <U = (U\U2), we can write
7  =  5  <a (6.2D
which is a ‘stiffness relation’ between applied interfacial stresses and interfacial 
displacements. We note that (6.21) can be used to model waves in unloaded layers by 
setting p7 = 0 in the term for Sf.
6.2.3.3 R6sum&
In this section (6.2.3) we have derived a stiffness relation for a layer of anisotropic 
material having orthotropic symmetry. For the anisotropic layer we have solved the 
Christoffel equation for orthotropic media in the spectral domain. Similar relations 
have been obtained for the fluid half-spaces that bound the layer above and below, and 
the system was ‘assembled’ to produce a final ‘stiffness relation’ in terms of interfacial 
excitations, which could take any form. A following section will describe excitation by 
plane wave; other excitations are described by Skelton & James (1992). The method of 
solution outlined in this section is easily generalized to multilayered media by asserting 
conditions of joint equilibrium at all the interfaces between the layers. The matrix s  is 
then of a higher order and Zl and y a re  vectors of interfacial displacements and applied 
forces for the whole multilayered system. This generalisation has been undertaken by 
the author and results were presented in Chinnery (1991).
Before considering the excitation of the system by an incident plane wave we will 
discuss the free modes of vibration of the system.
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6.2 .4  Plate waves
In Chapter 2 we discussed the free modes of vibration of the isotropic elastic layer. In
this section the solution for the free modes of a general anisotropic layer is given in terms 
of the stiffness matrix derived above. This method allows us to calculate the dispersion 
curves for the free modes of a fluid loaded elastic plate.
We consider the stiffness relation (6.21) relating the applied stresses at the surface 
of the layer to the displacements of the layer boundaries. The very nature of a Tree’ 
wave is simply the requirement that there be no applied stresses (F1 = F 2  = 0) a t the layer 
surfaces. From (6.21) this implies
The roots are the wave numbers of the propagating modes. In the general case of a
(6.22) can be found by using Newtons Secant method or Reguli Falsi for complex 
variables.
An angular variable (0) can be associated with a given free mode in the plate. From
det[S{^ \ (0)] = 0. (6.22)
fluid loaded plate the phase velocities of free waves are found from
Vn
(L) (6.23)
R e ft" )’
and the attenuation of leaky modes is given by /m^") . The complex solutions (£") of
Snells law connecting the angles of wave propagation in the fluid and the layer we have
sin(0) (6.24)





This is the angle at which leaky modes radiate waves into the fluid. It is also the angle 
at which plate waves are excited by an incoming plane wave.
When no fluid loading is present (plate in vacuum) the same method can be applied 
with fluid half-spaces of zero density. The solutions are then real, reflecting the fact 
that modes are not attenuated and there is no leakage into the half-spaces.
6.2.5 Plane wave incidence
In this section the elastic layer, characterized by its stiffness matrix, is excited by a plane 
wave disturbance at the first interface (z =d). The reflection and transmission coeffi­
cients of the layer are calculated from the stiffness relation (6.21) with appropriate 
applied stresses.
6.2.5.1 Waves in the fluid
A plane wave,
ilk- ’r — (tit)
Pin = e ,n~ ; ki„ • L = otx + Py + y(z -  d \  (6.26)
with
a  = -k in sin 0 cos <|) (3 = -k in sin 0 sin <|> y = -£„Icos0, (6.27)
is incident upon the layer (Figure 6.6). The ‘angle of incidence’ is 0 and the ‘plane of
incidence’ makes an angle (j) with the fibre direction. Here kin is the wave number of the 
incident wave whose components are a, p and y. The reflected and transm itted waves are
P f  100 ; k^ 9 r_ = cct + p y - y ( z - d )  (6.28)
p  _  tt . kJr • r_ -  cet + py +yz
t r  l i t  ,
where 91 and n  are the reflection and transmission coefficients respectively; yet to be 
determined.
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6.2.5.2 Elastic layer: applied stresses





F ly = 0
_p applied _  _  | e i (ctx+ - * )  _|_ ^ »'Y(z ~ ^  |
(0 ,0 ,0)'.
(6.29)
In the spectral domain this gives
Fl(kx,ky,d)  = -2  j  j  e ^ V ^ ^ d x d y  
= -2  j e ^ d x  j e ^ ’dy,
yielding
1 = |  -  2 i f  kx = a  and ky = p
2 1 0 if  J t^ a  or
(6.30)
(6.31)
This result reflects the ‘monochromatic’ nature of the incident plane wave. Substituting 
these values into (6.19) results in






U 1 -  -S 21 (522 + S/)U (6.33)
These then are the displacements of the first and second interfaces when the fluid loaded 
layer is excited by a plane wave disturbance at the first interface. Values oikx = a  and 
ky = (1 are used in the calculation of the elastic layer stiffness matrix s. The transmission 
coefficient is then obtained by solving
U j = 1 ] a n
I p x J dz z = 0
(6.34)
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to obtain
n = - - ^ u  ,iy
and similarly for the reflection coefficient.
p /0 2 2 (6.35)
6 .3  Im p lem en tation
Computer programs were written in Fortran to implement the theories described in this 
chapter. Plane wave transmission and reflection losses can be calculated for a wave of 
given frequency, incident at any angle upon a multilayered system composed of any 
number of elastic layers, bounded above and below by fluid half-spaces. Each layer is 
described by a set of stiffness constants, a thickness, and a density. The elastic constants 
of each layer are transformed such that they describe the properties of tha t layer in the 
global coordinate system defined by the geometry of the incoming wave. Loss can be 
incorporated by using complex stiffness constants for the elastic material. The free 
waves in the layer can also be calculated, with and without fluid loading.
Prior to the experimental investigation, preliminary theoretical studies of the 
transmission properties of anisotropic layers, and multilayered systems, were under­
taken using this implementation of the theory (Chinnery, 1991). Results were obtained 
for aluminium, boron-reinforced aluminium, titanium , glass-reinforced plastic, and 
graphite-reinforced plastic layers. Titanium is of particular interest as it is a metal 
having a hexagonal crystal structure and would be expected to exhibit some differences 
in behaviour from more conventional metals such as aluminium or steel. The benefits 
of using titanium  in construction of structures in the marine environment include its 
non-magnetic property and its resistance to corrosion (Chalmers, 1988).
The effect of stacking multiple layers of glass-reinforced plastic in different con­
figurations has also been investigated (Chinnery, 1991). Results for anisotropic layers 
indicated that significant deviations from the behaviour of an isotropic layer were to be 
expected, in particular with regard to the plane of incidence (with respect to the fibres 
of a uniaxial layer).
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The theory was extended in an attem pt to incorporate the effects of the non-planar 
wave-field produced by a param etric source. The model for this is described later. 
Again, notable differences were observed between the results for the parametric source 
and plane wave incidence.
The model could easily be generalized to allow m aterials of triclinic symmetry to 
be included. Fluid layers could also be included in the implementation (Skelton & 
James, 1992).
After obtaining the preliminary results presented in Chinnery (1991) it was 
decided to focus attention on fibrous composites such as glass (and carbon) reinforced 
plastics. With this agenda in mind a series of parallel theoretical and experimental 
studies were undertaken, some of which are described in the following section.
6 .4  R esu lts
In this section we present theoretical and experimental results for a single uniaxial 
glass-reinforced plastic layer. The aims of this study are: to validate the theoretical 
predictions; to illustrate the problems involved in making measurements on anisotropic 
panels; to demonstrate the differences in behaviour of fibrous composites; and to 
investigate the consequences of the non-planar nature of the parametric source. 
Experimental results for other fibrous composites, both uniaxial and biaxial, have been 
given in Chinnery (1992).
6.4.1 Introduction
The panel used in these measurements was 450mm x450mm x llAmm in size. The five
elastic constants describing this hexagonal material had previously been obtained from 
velocity measurements made at 500kHz using the immersion technique (Table 6.1, 
section 6.2.1). As no attenuation data for this material was available, damping was 
simulated by using complex stiffness constants with a small imaginary part 
(Cl;(l -0.01/)). Theoretical and experimental results are presented for the cases where 
the plane of incidence (<J>) is at 0, 90 and 45 degrees to the fibre direction. In each case
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the incident angle (0) was varied from 0° to 60° in l° steps. This panel was chosen for 
detailed investigation and comparison with theoretical predictions because it was a 
particularly well made sample. It was free of inhomogeneities, bubbles and defects; it 
was exceptionally flat; and it was well characterized. Other samples obtained for testing 
were not so good in these respects. The geometry is shown in Figure 6.6.
6.4.2 Theoretical predictions
In Figure 6.7 we present theoretical predictions of the plane wave transmission char­
acteristics of the layer for the three cases. The contour plots show transmission loss of 
the layer as a function of both incident angle (0) and frequency. The light areas are 
regions of high transmission loss. The behaviour seen in Figure 6.7(a) is what we expect 
for an isotropic layer; in this case wave propagation is in the plane of transverse isotropy, 
and all the waves are pure compressional or pure shear waves. Comparison with the 
predictions for an isotropic layer (Figure 2.2) show that the acoustics in the transverse 
plane is, as we expect, essentially tha t of an isotropic layer.
In Figure 6.7(b), for propagation in the plane orientated at 45° to the fibre direc­
tion, the behaviour is considerably more complex; more ‘resonance’ features appear in 
addition to those seen in the transverse plane. The case of propagation in the plane 
parallel to the fibres is shown in Figure 6.7(c). This is again a symmetry direction of 
the material and the transmission behaviour is again as simple as case (a), but reson­
ance features occur at different frequencies and incident angles.
The dispersion curves of the free modes of vibration of the layer (in vacuum) are 
given in Figure 6.8 as a function of the frequency thickness product. It is known that 
these modes, and the interactions between them, are largely responsible for the reson­
ance features seen in the transmission and reflection behaviour of the layer; indeed 
many of the modes can be associated directly with features in the transmission loss plots 
(Figure 6.7). We note that the subsonic modes (where V" < cf) will not be excited by plane 
wave incidence (0 = 90° when Vn = cf). Figure 6.8(a) can be compared with the predictions 
for the free modes of an isotropic layer shown in Figure 2.3. All the modes of the ani­
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sotropic layer are present in the isotropic case, and are coincident with them, again 
confirming tha t the layer is behaving as an isotropic layer in this plane. The modes 
shown in Figure 2.3 that are absent from Figure 6.8(a) are the Love waves. These modes 
result in no normal displacement of the layer interfaces, thus no loss of energy into the 
fluid; making the modes, as defined by equation (6.22), infinitely narrow and thus 
undetectable by this numerical method1. As these modes play no part in the trans­
mission behaviour of the layer this is not a problem.
The situation shown in Figure 6.8(b) is completely different. Not only do the modes 
occur at different frequencies (or have different velocities) from those of the transverse 
case (and the isotropic layer), but additional modes are present. These additional modes 
are reminiscent of the Love waves of Figure 2.3, and have been shown to be of a ‘Love- 
like’ nature. In essence, what we see here are quasi-Lamb waves and quasi-Love waves; 
modes having mixed displacement vectors. The quasi-Love modes, for instance, have a 
non-zero component of displacement normal to the interfaces, which is why they are 
being detected by the numerical search. In comparing the two cases, the different dis­
tribution of modes and the presence of additional modes in Figure 6.8(b) is thought to 
be responsible for the new features seen in Figure 6.7(b). Thus the previously 
unim portant shear type waves of an isotropic plate are now of great importance in 
determining the acoustic properties of the anisotropic layer. In particular, the presence 
of a low velocity mode (~1800m/.s) at low frequencies (frequency-thickness < 1500) gives 
rise to effects seen at high incidence angles. This behaviour reflects the destruction of 
symmetry of the material and the independent propagation of three quasi-com- 
pressional/shear waves, and their mode conversions at the interfaces.
Figure 6.8(c) shows the free wave dispersion curves for propagation in the plane 
parallel to the fibre direction. The additional modes are not present here, but the 
quasi-Lamb waves occur at different locations to those of the transverse case, again 
explaining the difference in form of the plane wave transmission properties of the layer 
in the two orientations shown in Figures 6.7(a) and (c).
1 These modes can however be detected if an extremely fine search interval is employed, as the necessarily finite 




Transmission loss measurements were made using the system and procedures described 
in Chapter 4. The panel was suspended from the rotation stage in different orientations 
such th a t the fibres cut the plane of incidence a t different angles (<J>). The array was 
truncated a t a distance of 0.48/n from the transducer face and the hydrophone placed 
1.18m from the transducer (see Figure 4.1). A sequence of measurements was made with 
the panel being rotated in 1° steps. A reference measurement was made without the 
panel in position, and the transmission coefficient calculated by dividing the spectrum 
of each averaged signal by the spectrum of the reference measurement. The experi­
mental results are given in Figures 6.9.
The main differences between the plane wave predictions of Figure 6.7 and the 
experimental results are (i) a broadening of the transmission loss features and (ii) a 
slight variation in the angles at which features occur, particularly a t low frequencies. 
These are similar to the effects that have been observed for isotropic panels when using 
a non-planar source, such as the parametric array. With this in mind, the theoretical 
model was extended to take into account this aspect of the incident wave-field. This 
extended model will be presented in the following section.
The ‘banding’ at low frequencies is thought to be due to the presence of a multiple 
signal in the time window analysed. The most likely cause for this signal is either 
diffraction by the edges of the plate, or re-radiation of signals travelling along the plate 
and reflecting from the edges. Such unwanted signals have been observed in other 
measurements involving anisotropic panels (Humphrey, Anastadiasis & Dyer, 1992) 
and are found to be more pronounced than for metal plates.
6.4.4 Plane wave spectrum of the parametric array
The acoustic field produced by a parametric array is not an infinite plane wave but a 
finite beam having an angular spectrum of plane waves. This aspect of the parametric 
source and its influence upon transmission and reflection loss measurements has been 
described in detail by Humphrey & Berktay (1985) for the isotropic layer. In this section
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we discuss how the transmission coefficient of an anisotropic layer measured with such
a source can be predicted. The ‘line array’ model of the parametric array is used 
(Berktay, 1965).
6.4.4.1 Field of a parametric array
The field at a point R on the axis of parametric array of length L inclined at angles 90 
and (j)0 to the coordinate axis (Figure 6.10) is given by
spherical sources. The integral is calculated over the entire length of the array (all 
sources).




where r is measured along the array axis, and k is the wave vector inclined at angles
(0,<J>) to the coordinate axis. The first term (e,kr) is the initial phase of the secondary
(6.37)
o o
where r' = R - r .  Inspection of Figure 6.10 shows that, for this geometry,
k • /  - k r rA(0, <))), (6.38)
where
A = sin 0 sin 0O cos((|) -  <|)0) + cos 0 cos 0O. (6.39)
Thus
jc/2 — i «o 2k
(6.40)
o o
Substituting this into equation (6.36) gives
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(6.41)
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The integral over r is the Tlane Wave Spectrum’ £2(8, <J>) of the parametric source and
can be solved analytically:
L
0(0.40 = J e * * - » d r  =
0
Equation (6.41) can now be written:
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g i k r (  1 - A)
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e > k L ( \ -  A ) _ 1  ( 6 4 2 )
i £ ( l - A )  ’
ikRA a, (6.43)i c r ox
v|/(e0><|)0,t f ) = —  J J —  (e“ (,- A)-i)sin0ded<)>.
0 0
An investigation was undertaken which found that the contribution from the imaginary 
part of the contour has little effect on the calculations, except at very low frequencies. 
The integral can therefore be taken over the real part of the contour alone.
6.4 .4 .2  Transmission coefficient
When a panel is inserted between the source and the observation point, normal to the 
z-axis, equation (6.43) must be modified to account for the transmission through the 
panel of each plane wave component in the angular spectrum. The field observed at R 
is then given by
1 2? e ikRA (6.44)
Y(e0,<t>„,/?)= — J J n(0, <())— (e ] -  l)sin0  dQ d§  ,
0 0
where ft is the transmission coefficient of the plane wave component travelling in the 
(0, <{>) direction;
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n(e,4>)=ii(e,<i>)e- i k d  cos0 (6.45)
here n  is the plane wave transmission coefficient calculated in section 6.2, and the phase
term accommodates the time delay of the fluid path tha t has been replaced by the layer.
The field that would be measured at R in the absence of the layer is found by 
integrating equation (6.43) (setting 0O = <J>0 = 0 in the expression for A, equation (6.39)). 
The result is




The total transmission coefficient of the panel, as measured with a parametric source, 
is then given by
n
Vo <£) (6.47)
6.4.5 Results of the full theory
This modified theory was used to predict the transmission loss of the glass-reinforced 
plastic panel whose measured results were presented in Figure 6.9. The array length 
(L) was 0.48m and the range (R) 1.18m, corresponding to the positions of the acoustic filter 
and hydrophone in the tank facility. Simpsons rule was used to evaluate the integrals 
in (6.44).
The results are shown in Figure 6.11, again for the same three orientations that 
have previously been discussed. Comparison of these results with the experimental 
results of Figure 6.9 reveals a very good agreement. Most of the differences observed 
between the plane wave predictions and experiment have disappeared.
Preliminary attempts were made to optimize the stiffness constants (C,y) used in 
the model with a view to using transmission loss data to infer the material properties 
of other samples of fibre-reinforced material. In principle, by studying the changes in
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transmission loss tha t result from varying individual elastic constants, it should be 
possible to estimate values for C,y. This proved to be impracticable and the attem pt was 
abandoned. However, it was found that if the value of C33 is increased to 29.0GPa then 
the theoretical predictions agree a little more closely with the experimental results. 
Considering that C33 is the constant associated with wave propagation along the fibres, 
and th a t the velocity in this direction is subject to the greatest error in measurement, 
it may well be that the measured value is inaccurate, and tha t this is a more appropriate 
value for the constant. Velocity measurements along the plate would need to be made 
to confirm the value of this constant. This would require the compressional wave to be 
coupled into the edge of the panel, which is possible - but not using the immersion 
technique.
Finally in this section, a comparison of both theory and experiment is given at a 
single frequency (150AkHz). The results are shown in Figure 6.12. The theoretical 
predictions shown here were made using the modified value of C33 mentioned above. 
Again, the theory, modified to include the plane wave spectrum of the source, is in far 
better agreement with the experimental results than are the plane wave predictions.
6 .5  C onclusions
The introduction of anisotropy into a planar elastic layer has been investigated both 
experimentally, using a parametric source, and theoretically. A well characterized 
uniaxial glass-reinforced plastic panel was chosen for the investigation. This material 
is modelled as an homogeneous, but anisotropic, medium having hexagonal symmetry. 
A theoretical model for wave propagation in anisotropic media has been discussed and 
sections of the slowness surface for the m aterial presented. Significant variations in 
velocity with propagation direction are evident in these curves.
A model has been presented that deals with all aspects of the acoustics of aniso­
tropic layered media. This model has been used to predict the dispersion characteristics 
of the plate waves propagating in the anisotropic layer used to model the 
glass-reinforced plastic panel. Again, significant differences are observed between
6.5 Conclusions
6.5 Conclusions 137
propagation in the principal planes (parallel and normal to the fibres) and in a general 
plane (45° to the fibres). The plane wave transmission coefficient of the layer was 
calculated as a function of frequency and incident angle for these three planes of inci­
dence. Significant differences were observed, particularly in the 45° case. The excitation 
of additional modes of vibration of the anisotropic layer are thought to be partly 
responsible for the observed behaviour.
Measurements on a glass-reinforced plastic test panel are in good agreement with 
theoretical predictions when the model is extended to incorporate the effects of the plane 
wave spectrum of the parametric source. The experimental results would seem to 
validate the theoretical models used, and suggest that both the theoretical and experi­
mental techniques can be used to study the acoustics of other, possibly more complex, 
anisotropic laminates.
The need to perform many more measurements on an anisotropic panel than was 
previously necessary for isotropic materials has resulted in alterations to the experi­
mental technique that have improved the performance of the system, as discussed in 
Chapter 4. It is expected that the experimental system will be used to study the 




Figure 6.1 Local coordinate system for the hexagonal crystal class.
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Figure 6.5 S tresses and displacem ents a t the interfaces of the elastic layer and fluid 
half-spaces.
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Figure 6.6 Scattering  geometry; acoustic wave incident upon an  anisotropic layer.
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Figure 6.7 V ariation of plane wave transm ission loss (dB) with frequency and 
incident angle (0) for the three planes of incidence a t (j) = 90°, 45° and 0° to the 
fibre direction.
(a) (j) = 90°
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Figure 6.8 Com puted dispersion curves for the free modes of v ibration of the  layer; 
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Figure 6.9 Experim entally m easured transm ission loss for the three planes of inci­
dence orien tated  a t 4> = 90°,45° and 0° to the fibre direction.
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Figure 6.10 Geometry used in  the calculation of the plane wave spectrum  of the 






Figure 6.11 Theoretical predictions of transm ission loss afte r the plane wave spec­
trum  of the param etric a rray  is included; propagation in the planes <J> = 90°,45° and 0C 
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Figure 6.12 V ariation of transm ission  loss w ith incident angle (0) a t a  frequency of 
\50AkHz’, comparison of experim ental results w ith both plane wave theory and 
predictions incorporating the plane wave spectrum  of the param etric array .
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7 Summary and conclusions
This thesis has examined experimental and theoretical approaches to scattering 
involving objects of complex geometry and m aterial properties. Attention has focussed 
on two particular areas of interest; the introduction of anisotropic reinforcement into 
the infinite planar elastic layer, and perturbations in the shape of normally insonified 
cylindrical shells. In this chapter the work is summarized, some general conclusions 
drawn, and a few recommendations made regarding the direction tha t future investi­
gation should take.
The acoustic behaviour of the planar isotropic layer and the cylindrical shell of 
circular cross-section were briefly discussed in Chapter 2 , as a prelude to the main body 
of work. The resonances of a scatterer were seen to be of particular importance in 
determining the acoustic response of an object to an incident wave. Simple theoretical 
models were presented and the acoustics was illustrated with predictions for these 
simple geometries.
The use of a Schlieren visualization technique for imaging two-dimensional 
acoustic fields has been investigated. A theory has been presented tha t successfully 
predicts the optical distribution obtained with an ideal Schlieren system. This model 
allows investigations into the effects of optical spatial filtering and acoustic pressure 
amplitude to be made. Preliminary theoretical investigations suggest th a t for zeroth 
order filtering and low acoustic pressures the image obtained is proportional to the 
square of the acoustic pressure amplitude. A comparison with experimental measure­
ments indicated that the relationship between optical and acoustic fields is not as simple 
as was previously thought; probably because the actual pressures present in the 
experimental measurements are too high for the above approximation to be made. 
Independent measurements of the acoustic pressure amplitude within cylindrical shells 
have not been attempted and so exact comparisons cannot be made. The use of zeroth 
order filtering was found to produce optical images that are far more representative of 
the acoustic field than knife-edge filtering does (although knife-edge filtering is known 
to have other advantages over zeroth order filtering).
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The use of the Schlieren technique for locating, identifying and imaging the fluid 
column resonance modes of cylindrical shells and cavities has been described. Results 
were presented for circular and non-circular geometries. High frequency resonances 
showed hybridization of modes (due to overlapping) and resulted in standing wave-fields 
having new and unexpected symmetries. The system has been shown to have great 
potential for studying the resonance behaviour of other cylindrical structures, including 
those of more complex geometry. Complementary to the main programme of work, 
results have been presented for the ‘stadium’ shaped cavity.
The fluid column modes of a flooded brass cylindrical shell of circular cross-section 
were located with the Schlieren system and the effects of ‘deforming’ the shell into the 
more general elliptical geometry studied. Many more resonance modes were observed, 
some of which closely resembled the modes of the circular sample, while others did not. 
A theoretical model for the fluid column modes of the elliptical cavity was developed. 
This model involved the solution of the wave equation in elliptical coordinates, with 
rigid boundary conditions being applied at the inner interface between the fluid and the 
shell. This model was used to calculate the resonance frequencies and acoustic fields 
within elliptical cavities of different eccentricities. Many mode splittings and level 
crossings were observed in the variation of modal frequency with eccentricity. The 
experimental data obtained with five samples of brass shell of different eccentricities 
gave reasonable agreement with the model, allowing the measured modes to be properly 
identified and classified. Both theory and experiment showed approximately twice the 
number of modes than exist in the circular case. The models were improved by allowing 
for the finite impedance of the shell; both for the circular geometry and for the general 
elliptical geometry. Very close agreement was obtained between theory and measure­
m ent for all but the most highly deformed sample (whose shape was not truly elliptical).
A second experimental facility was used to make backscattering measurements on 
the elliptical cylinder. An existing parametric array facility was adapted to allow 
broad-band measurements to be made over a wide range of incident angles, automati­
cally, in a short period of time. This is a necessary requirement when studying
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scattering from complex objects whose acoustic response is sensitive to several 
orientations, or incident angles. The use of asymmetrical pulses in the transm itting 
system has been investigated and found to permit measurements to be made over a 
wider range of frequencies than previously obtained using symmetrical pulses. Pre­
liminary results for the backscattering by a single elliptical shell have been presented. 
Significant differences were observed between these measurements and those of a 
circular sample. Backscattering by non-circular cylinders and shells is an area that 
requires further investigation.
The parametric array facility has also been used to measure the transmission 
properties of fibre-reinforced layers. A theoretical model for wave propagation involving 
anisotropic layered media was presented, and results compared with experimental 
measurements of the transmission loss of a single uniaxial glass-reinforced plastic 
panel. The model was extended to account for the non-planar wave-field of the para­
metric source and good agreement obtained, thus validating the theoretical approach. 
This part of the study showed the transmission properties of the layer to vary 
considerably with both angles of incidence. Differences between the acoustics of the 
isotropic and anisotropic layers are attributed, in part, to the different free modes of 
vibrations of the layer that can be excited in the two cases. This is a factor which could 
possibly be exploited in the design of underwater structures using composite materials.
The work described in this thesis has not attempted to answer one particular question, 
but rather has sought to extend our understanding and knowledge in several areas; 
developing parallel theoretical and experimental techniques and procedures, and 
building up a knowledge and expertise of several key issues (perturbations in shape and 
m aterial anisotropy) tha t will be needed in future studies involving complex scattering 
arrangements. The studies described in this thesis are part of a wider programme of 
work, in which the author is involved, aimed at considering many other complexities in 
scattering systems.
The ultimate aim of the work currently under way is to introduce anisotropy into
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the cylindrical geometry. However, we are interested not only in man-made structures, 
but also naturally occurring scatterers - such as sediments - which can conveniently be 
studied using scale modelling in the laboratory. The aims of the research programme 
are to build upon the work involving simple structures by considering other complexities 
in scattering geometry. Other aspects that have been considered, or could be investi­
gated in the future, include the following:
• Anisotropic reinforcement of panels and cylindrical shells with rib stiffeners
• Fibre-reinforced cylindrical shells
• Irregularly deformed cylindrical shells (and other, 3-dimensional, scatterers)
• Air-filled structures
• Objects having edges, corners, and facets (such as the cube)
• Surface roughness
• Multiple scattering between discrete objects (cylinders, spheres etc)
• The effects of inhomogeneities and defects in fibrous composites
In particular, with regards the deformation of cylindrical shells (both in a regular and 
an irregular manner) it would seem sensible to use thinner, less resonant shells in the 
scattering studies. The use of the cubic scatterer may be particularly informative as the 
edges and corners can be easily removed to see what effect they have upon the scattering 
by such particles.
The introduction of complexity of any kind into the idealistic model scattering 
geometries (simple structures) results in many kinds of practical and theoretical com­
plications and problems; in particular with regards the fabrication of suitable targets 
(scale models) for experimental testing. For the simple geometries and materials 
previously studied; such as aluminium plates, steel cylindrical shells and spheres, high 
quality samples are readily available. There is a tendency to think that small pertur­
bations in shape and material properties of an object require only a small increase in 
the computational effort needed to produce accurate theoretical predictions, and in the
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technical expertise and cost of fabricating test objects. This is not so. 1 Also, in the case 
of fibrous materials, fabrication methods are such tha t many factors not associated with 
anisotropy, such as voids, defects and uneven lay-up, may need to be considered, in 
addition to the effects of anisotropy. With theoretical models it can be easy to exploit 
some physical property of a structure, such as anisotropy, in the design of structures 
having optimal acoustic performance. Often, however, some other (unforeseen) aspect 
of the design can have a significant effect upon the acoustic behaviour of the structure 
tha t is actually built. This highlights the enormous importance of good parallel theor­
etical and experimental investigations, such as this programme of work attempts to 
achieve. Good experimental techniques must also be accompanied by a thorough 
understanding of the character and limitations of a measurement technique if results 
obtained with it are to be meaningfully interpreted. In this thesis this is of particular 
relevance to the parametric array (with regards the effect of non-planar wave-fields) and 
the Schlieren system (with regard to the interpretation of the optical image).
Although the Schlieren studies have great potential, there is no plan to significantly 
extend this work any further. The main limitation of the Schlieren technique is that 
quantitative information cannot easily be extracted from the system (as it is presently 
configured). The advantages of Schlieren lie in the fact tha t acoustic waves and 
scattering phenomena can be ‘seen’; and that which can be seen can be better under­
stood and interpreted. The insight into resonance phenomena gained with Schlieren is 
remarkable considering the qualitative nature of the results obtained. If the system 
could be calibrated in some fashion, allowing acoustic pressures to be obtained, the 
Schlieren technique would be a very powerful tool in the study of many aspects of wave 
phenomena - not ju st those of interest in underwater acoustics. The early results 
obtained with the ‘stadium’ shaped cavity have attracted the interest of researchers 
involved in studying the eigenstates and scattering behaviour of two-dimensional cha­
otic systems (Smilansky, 1991). Also, the kind of laboratory scale modelling of scattering
1 As is evidenced in the difficulty of boring non-circular holes for example (although perversely, some of the easiest 
targets to make are the hardest to model; e.g. the cube, which contrary to intuition is very difficult to model).
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and resonance phenomena tha t is possible with Schlieren potentially allows complex 
geometries to be investigated where numerical solution is extremely difficult, if not 
impossible. Another valuable use for the technique is as an educational tool - again 
because wave phenomena can actually be seen. Finally, studies undertaken with 
Schlieren have an aesthetic appeal; an often neglected factor of no minor importance in 
research.
A carefully designed Schlieren system, based upon the current design, but with 
improvements aimed at removing some of the current limitations, could have enormous 
potential for research in acoustics, and wave physics in general.
7 Summary and conclusions
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A ppendix A
In Chapter 3 high frequency fluid column resonance modes of the circular cylindrical 
shell are presented and evidence of periodic orbits, or ‘ray paths’ observed. In the first 
part of this Appendix (Al) the concept of rays and orbits is discussed within the context 
of two-dimensional cavities of various geometry. The second part of this Appendix (A2 ) 
is a reproduction of a paper dealing specifically with the stadium shaped cavity.
A l Ray dynam ics
In Chapter 3 some fundamental differences in the resonance patterns of the circular 
cylindrical shell are observed as we move from the low to the high frequency domain. 
These differences are attributed to hybridization of eigenstates in the resonances. The 
appearance of some of these hybrid states reminds us of one significant conceptual dif­
ference between these two domains; the applicability of the ‘ray’ construction. We now 
discuss in more detail the formulation of wave-fields in terms of classical ray paths.
By associating rays with wave-fronts - each ray being normal to the wave-front - 
the wave function at a point (\|/(r)) can be written as a sum over classical rays passing
through that point, y(r)= X , where Aj is the amplitude of the j tk path (A 2 is the
j
classical probability) and Sj is its action S(r) = Jp • dr_. The momentum (p) and wave­
length (A.) are related by the familiar formula p =h/X, where h is Planck’s constant.
The association of rays with wave-fronts is the essence of the semi-classical 
approach to wave physics and is obviously only applicable in the high frequency (short 
wavelength) domain. We will now discuss the behaviour of these rays when confined to 
motion within boundaries of different shapes.
It is the shape of a boundary tha t determines the behaviour of the wave, or ray, 
tha t is incident upon it. We saw in Chapter 3 two different kinds of trajectory within a 
circular boundary, giving rise to two different kinds of orbit. We shall now discuss the 
idea of classical orbits within boundaries in more detail and introduce the concept of 
chaotic orbits (Berry, 1981) which m ust be considered in the context of non-circular 
cavities.
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Let us assume the boundary to be totally rigid and imagine an ‘orbit’ to be tha t of 
a particle bouncing around, as in a ‘billiard’. Any orbit can be described as a succession 
of reflections, each characterized by a position coordinate (s) and a momentum coordi­
nate (p). These coordinates define a single point in phase space. The term ‘billiards’ is 
often used to describe the succession of reflections of a particle (or ray) with a boundary. 
For example, in the circular billiard the coordinate (s) is the arc length measured around 
the boundary, and the momentum (p) is the cosine of the angle that the trajectory makes 
with the boundary tangent at the point of impact, as illustrated below.
s= 0  0
Typical orbit trajectory in a circular billiard
A succession of impacts (s,p) produces an orbit whose nature is critically dependent upon 
the shape of the boundary. The concept of orbits is usually understood to describe motion 
in phase space, but here we shall describe them within coordinate space. In general, 
three very different kinds of orbit are possible:
• A closed orbit of n bounces (phase space contains a finite set of points (sup i )  (s„,p„)
which are repeatedly encountered). The ‘stability  of a closed orbit is defined in terms 
of the behaviour of an orbit tha t begins with a position and/or momentum very close 
to th a t of the closed orbit1: if the deviations (after n impacts) of this neighbouring 
orbit from its initial position remain bounded and oscillate about zero, the closed
1 A ‘neighbouring’ point in phase space.
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orbit is said to be stable; if the deviations increase exponentially with repeated 
iterations of the orbit, it is said to be unstable; if the deviations increase linearly, the 
orbit is neutrally stable. The ‘isolation’ of a closed orbit describes the orbits relation 
to its neighbours: an isolated closed orbit having no neighbouring orbits that are 
closed; a non-isolated closed orbit being one of a family of closed orbits th a t can be 
transformed into one another by rotation or translation (thereby filling an invariant 
curve in phase space).
• A general orbit that never repeats (is not closed) yet has a constant of motion (a 
conserved quantity, i.e. the motion is integrable and the solution separable2). In this 
case phase space contains a smooth curve, known as an invariant curve. In the case 
of the circular billiard the constant of motion is p = cos a  where a  is, for a given orbit, 
the (unchanging) angle of impact a t the boundary.
• A chaotic orbit that eventually explores every point of the boundary with every 
possible momentum (hence every angle a). In this case the whole two-dimensional 
area of phase space is eventually filled by the orbit2. When an orbit is chaotic, the 
initial conditions (starting position and momentum) are extremely important in 
determining the detailed structure of the orbit: any two chaotic orbits whose initial 
conditions are close will rapidly deviate from each other. In fact unless, the two 
neighbouring orbits have initial conditions that are equal to infinite precision then 
rapid divergence of the orbits is inevitable - this is the nature of chaos.
The circular, elliptical and stadium geometries with which this thesis is concerned each 
support different kinds of orbit.
The possible trajectories within a circular billiard belong to the first two kinds of 
orbit mentioned above. The periodic orbit illustrated in section 3.7.1 is a non-isolated 
closed orbit of neutral stability3. The other orbit shown in section 3.7.1 is of the second 
kind; the caustic corresponding to the invariant curve in phase space and being
1 For a discussion of integrability and separability see Gutzwiller (1990).
2 This is as close as we shall come here to a definition of ergodicity.
3 Similar orbits can be found in any position rotated with respect to the first.
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dependent on the (constant) momentum (cos a).
The elliptical geometry is also an integrable kind of boundary problem, possessing 
orbits of the first and second kind only. The invariant curves in phase space correspond 
to the existence of two kinds of caustic in coordinate space th a t are repeatedly touched 
by the non-periodic orbits: a family of ellipses and a family of hyperbolae. The closed 
orbits fall into two distinct groups; those tha t are non-isolated (as in the circular case) 
and those which are isolated. The isolated orbits are the diametrical orbits (n = 2 ): the 
orbit along the major axis being unstable and that along the minor axis being stable. 
The caustics that result from the non-closed orbits within the ellipse have clearly been 
seen in the resonance patterns of the elliptical cylinder in the high frequency domain 
where classical interpretation is meaningful - they are not, however, presented here.
The stadium  geometry is totally chaotic; almost all trajectories eventually explore 
every point on the boundary with every momentum.
The stadium
That is to say tha t every point in phase space is accessed eventually (if enough iterations 
are permitted). This follows from the fact tha t there are no conserved quantities (con­
stants of motion) in the stadium. Exceptional closed orbits do exist however. Firstly 
are the n = 2  orbits that bounce back and forth between the flats of the stadium and 
which are non-isolated. These orbits are known as ‘bouncing ball’ orbits and have the 
peculiar property that small deviations from these closed orbits result in trajectories
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tha t zigzag around in the neighbourhood of the closed orbit for a large number of bounces 
before becoming unstable and exploring all other regions of the boundary (as they must 
inevitably do). This pecubarity Ues in a consequence of the ‘ergodic theorem’ which 
states that an orbit averages equal time in equal areas of phase space; here requiring 
tha t the orbit, having left the zigzag region around the closed orbit, will not enter that 
region again for a long time (a large number of reflections)1. The remaining closed orbits 
are all isolated and unstable.
The periodic orbits discussed here can clearly be associated with the acoustic 
resonance behaviour of the circular cavity at high frequencies (as discussed in 
Chapter 3). Also in Chapter 3 (Figure 3.10) is shown a mode of the ‘stadium’ cavity 
which can be associated with a bouncing ball orbit. The stadium geometry is of interest 
because, like the elliptical geometry, it is a deformation of the circular geometry; but 
unlike the ellipse, which is separable, the stadium dynamics are largely chaotic. The 
possibility of visualizing the modes of cavities whose dynamics are chaotic, and of 
obtaining their spectra lead us to investigate the acoustics of the stadium using the 
Schlieren system. Of particular interest is the influence tha t the periodic orbits have 
on the resonances. Some preliminary results of this study are given in the paper 
included here in Appendix A2.
A2 A cou stic  reson an ces w ith in  th e  stad ium
The following paper is in preparation for Physical Review Letters and provides a more 
detailed investigation into the use of Schlieren for studying the acoustics of the stadium 
(and two-dimensional cavity resonances in general).
1 Conversely, an orbit beginning far from the bouncing ball orbit will not enter the neighbourhood of that closed orbit 
for a long time. This is of importance when considering the method of excitation of acoustic resonances within the 
stadium.
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Experim ental visualisation of acoustic resonances w ithin  the stadium
P. A. Chinnery and V. F. Humphrey 
S c h o o l o f  P h y s ic s , U n iv e r s ity  o f  B a th , B a th  B A 2  1 A Y , U K
Acoustic resonances of an insonified water-filled “stadium” cavity are located and visualised in 
a non-invasive manner using a Schlieren technique. The chaotic nature of the geometry is seen 
to effect the form of the resonance patterns observed. Individual eigenstates o f the cavity can 
be resolved at low frequencies; in particular the “bouncing ball” modes. In the high frequency 
(overlapping resonance) regime, nodal patterns are reminiscent of the “scarlets” predicted by P. 
O ’Connor, J. Gehlen and E. J. Heller [Phys. Rev. Lett. 58, 1296 (1987)].
The solutions of the Helmholtz equation are of great 
im portance in acoustic, electrom agnetic, water-wave and 
quantum contexts. Recent interest in the spectra and 
eigenfunctions of two dimensional cavities, or “billiards” , 
arose out of semiclassical studies of quantum system s 
whose classical mechanics is chaotic, such as the stadium  
of Bunimovich [1-4]. It is known that the shape  of the 
boundary is of great im portance in determining the be­
haviour of the system ; integrable or non-integrable, reg­
ular or chaotic m otion. T he equivalence of the tim e inde­
pendent Schrodinger equation and the Helmholtz equa­
tion would seem to suggest that phenom ena discovered 
in the quantum context can be sought in other fields.
The study of chaotic system s is im portant in all fields 
since such system s are ubiquitous in realistic scattering  
situations; integrable system s are the exceptions not the 
rule. The spectra of non-integrable chaotic system s can 
be described by GOE (Gaussian orthogonal ensemble) 
random matrix statistics [5,3], unlike the spectra of in­
tegrable system s (circular, elliptical, rectangular geome­
tries etc) which obey Poisson statistics. Also unlike inte­
grable system s, the eigenfunctions of chaotic system s are 
characterised by nodal lines that meander around with 
few crossings; eigenfunctions of integrable system s have 
families of nodal lines with many perpendicular crossings 
(Ref. [4] Ch. 15).
T he classical trajectories of a completely chaotic sys­
tem , such as the stadium , access every region of phase 
space, and it was conjectured [6] that the eigenstates of 
such system s are governed by the random superposition 
of plane waves, all having the sam e wavevector magni­
tude but differing am plitude, phase and direction. Such 
a superposition was shown [7] to result not in a “speckle 
pattern” , but in a wavefield characterised by a network 
of ridges which have since becom e known as “scarlets”
[8]. In the stadium  these ridges appear to be localised 
along classical periodic orbits, m anifesting them selves as 
enhanced (or diminished) amplitude; they are known as 
“scars” of the periodic orbit. The im portance of the pe­
riodic orbits was shown by Gutzwiller [9] who expressed 
the density of states as a sum over the classical periodic 
orbits. More recently Doron and Smilansky [10] have ex­
tended the sum m ation approach to scattering  system s. 
Many theoretical predictions of scarred eigenstates have 
been presented in the literature (see for example Ref. [2] 
and references therein). Scars have been identified in 
even quite low energy states [11]; scars and scarlets are 
thought to be a general wave phenomena. Scars have 
been observed in the high frequency vibrations of sta­
dium shaped plates [12].
The little published experim ental work concerning it­
self with non-integrable system s and chaotic scattering 
has mainly involved microwave cavities [13,11], although 
the manifestation of scarlets and scars have been nicely 
demonstrated for water surface waves by Blumel [14]. 
Stockman and Stein have used microwave resonators to 
obtain spectra of both the stadium  and the Sinai bil­
liard [15] and have obtained wavefunctions for the sta­
dium [16] which give good agreement with Gutzwiller’s 
semiclassical representation, convincingly demonstrating 
the influence of the periodic orbits on the wavefunctions.
In this letter we describe an experimented arrangement 
which permits the location and visualisation of the wave­
functions of two dimensional acoustic cavities. By using a 
Schlieren technique we are able to study the fluid-column 
resonances within insonified cylindrical cavities of “sta­
dium” cross-section, and compare them with the reso­
nances of a circular cavity. This technique has previously 
been used to successfully locate and image the resonances 
within submerged circular and elliptical cylindrical shells 
[17,18] and to study the scattering of pulses by various 
objects and geometries [19]. The extension of this tech­
nique to the study of non-in tegrable  system s seems a nat­
ural one. To our knowledge this is the first application 
of acoustics to the determination of the wavefunctions of 
two dimensional cavities having non-integrable topology.
The pressure ( i p )  within the fluid column of a cylindri­
cal shell satisfies the H elm holtz equation (V 2 +  k 2 ) i p  =  0 
with impedance boundary conditions. For a shell pre­
senting an in f in i te  im pedance to the cavity, this is just the 
requirement that the normal derivative of the pressure 
field vanish at the boundary (Neum an boundary condi­
tions), and the resonant frequencies constitute the spec­
trum of eigenvalues of the cavity. However, an insonified
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shell having f in i te  im pedance constitutes a true scattering  
problem and yields a resonance  spectrum characterised 
by resonances of finite width which may overlap at high 
frequencies. Of particular interest in the circular geome­
try is the hybridization of eigenstates in the overlapping 
resonance regime, and the effect this has on the resonance 
patterns, many of which exhibit new sym m etries of great 
aesthetic appeal.
One advantage of this technique is that it is non- 
invasive and perm its wavefields to be recorded instantly  
on film or video (with a resolution limited only by that 
of the film ), or analysed by com puter using an image- 
grabbing system . This allows resonance m odes to be 
rapidly identified as the frequency is swept. A disad­
vantage of the present experimental arrangement is the 
low Q-factor of the acoustic system  which prevents indi­
vidual resonances from being resolved at high frequency 
(although the semiclassical regime is one of overlapping 
resonances [20].)
T he experimented arrangement is shown in Fig. 1 
and has been described in detail elsewhere [17,19]. The 
principle upon which Schlieren operates is that light is 
diffracted  during its passage through an acoustic field in 
a fluid; the diffracted light containing information about 
the spatial distribution of the acoustic field. Light from 
a high power light em itting diode is focused onto a pin­
hole, or an array of pinholes having a random basis. The 
resultant light beam is collimated by the first parabolic 
mirror and passed through a glass walled tank containing 
the acoustic field. In the present application a transducer 
placed in the tank, with its axis perpendicular to the 
light beam , insonifys a cylinder suspended with its axis 
parallel to the light beam . The light emerging from the 
tank is brought to a focus by the second parabolic mir­
ror: the resultant diffraction pattern contains the light 
which has passed straight through the acoustic field un­
diffracted (zeroth order) and the diffracted light (higher 
orders). By removing a part of the light in the diffrac­
tion pattern and allowing the remainder to recombine in 
a still camera or video, an “im age” of the acoustic field 
is obtained. The optical distribution in the image has, 
in general, a complicated dependence on the spatial fil­
tering arrangement and the pressure amplitude in the 
acoustic field. However, it has been shown [21] that for 
low  acoustic pressures and zeroth order filtering, the op­
tical distribution approxim ates the square  o f the acoustic 
pressure distribution. As any variations in the acoustic 
field along  the light path are integrated out, the system  
is restricted to the visualisation of resonances of bodies 
having translational sym m etry.
The cylinder used in these experim ents was a stadium  
shaped cavity in an aluminium block, the semi-circular 
ends of the cavity had radii (a) 12.7mm  and the straight 
sections of the cavity were of length 2a. The cylinder 
was 100mm long and could be insonified at various an­
gles to the minor axis of the stadium  (see Fig. 1). The
transducer was driven in continuous m ode, and by sweep­
ing the frequency and altering the angle of insonificar 
tion, resonances within the cavity were easily located and 
recorded on film. T he current experimental arrangement 
incorporates parabolic mirrors of focal length 1.8m, has 
an aperture of approxim ately 25cm, and can be used to 
visualise acoustic fields down to about 100kHz. T he up­
per frequency limit of the visualisation system  is unlim­
ited, although individual wavefronts cannot be resolved 
at very high frequencies (above several m egahertz).
The ability to resolve individual m odes of the cavity 
depends upon the density of resonances and the Q-factor 
of the scattering system ; in this case influenced by the 
losses from the cavity due to the finite im pedance of the 
shell, and the m ethod of excitation. For a truly bound 
system  (discrete eigenvalues) the average density of states 
of a cavity of area A  is given by
where c is the speed of sound in water and u is the fre­
quency. The average separation of states is 1 /~ p (v )H z  
and it follows that Q -factor’s of the order
_ v  . 27tA  ,
Q =  —  =  p{u )u  =  —  i/2 (2)c1
are necessary for individual states to be resolved at a fre­
quency v .  The average number of states with a frequency 
less than v  is given by
(3)
For our stadium  (A =  (4 +  7r)a2, c =  1480) the 1000th 
eigenstate exists around 800kHz and a Q of about 2000 
would be required to resolve these 1000 states; the Q of 
our present system  is no t  that high. The overlapping 
resonance regime begins at around several hundred kilo­
hertz, in the m egahertz region we have m a n y  overlapping 
states and the consequences o f their interference must be 
considered when interpreting the resonance patterns ob­
tained with the system .
At the lowest frequencies analysed with this system  
the cavity resonances are clearly resolved in frequency. 
Fig. 2(a) shows a typical low frequency resonance found 
at 150.9 kHz. The “bouncing ball” (BB) periodic orbit 
can be associated with this m ode which is confined to 
the portion o f the cavity between the flat sides, avoid­
ing the semi-circular ends. Such resonance m odes are 
the m ost easily excited and identified; by insonifying the 
stadium  at ‘normal incidence’, members of the family of 
BB resonances can be isolated and visualised over a wide 
frequency range; a m ode found at 720.2 kHz is shown in 
Fig. 2(b). The resonance shown in Fig. 2(c) was found 
at 261.1 kHz and has an altogether different appearance. 
Unlike the BB  m odes, a significant portion of the dis­
turbance is present in the semi-circular ends, and the
2
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focusing effect of these ends is clearly seen. At 664.8 kHz 
a wave function is shown (Fig. 2(d)) that can be associ­
ated with the “double-diam ond” periodic orbit. The res­
onance widths have becom e significant at this frequency; 
m odes are thought to overlap and the appearance of the 
wavefield alters as the incident angle is varied.
Fig. 2(e) shows a typical wavefield observed at very 
high frequency (2.5 M Hz). The network of ridges is rem­
iniscent of the “scarlets” predicted in [7] and observed in 
water surface waves [14]. In the acoustic case presented 
here there are m any overlapping resonances contributing 
to the wavefunction at this frequency and varying the 
angle of the incident beam  causes the pattern to change, 
although the ridge structure remains. There is som e ev­
idence in this im age that the scarlets are aligning them­
selves along the trajectory of a periodic orbit.
For comparison we present results for an insonified cir­
cular  shell; a geom etry that is integrable. The shell is 
m ade of brass, and has inner and outer radii of 14.25mm  
and 15.85mm . In the low Frequency regime we again see 
isolated resonance m odes (n,m ) whose wave functions are 
of the form J n ( k n ,m)cos(n4>); the separable nature of this 
geom etry reflects itself in the presence of nodal line fam­
ilies which intersect perpendicularly. Fig. 3(a) shows the 
(2,4) fluid column resonance. At a higher frequency of 2.5 
MHz where resonances overlap, the nodal crossings are, 
in places, destroyed and new sym m etries appear (Fig. 
3(b)); in this case a five-pointed star is clearly evident. 
M any such patterns of great aesthetic beauty can be ob­
served within the circular cylindrical shell. Similar effects 
are to be expected in the overlapping resonance regime 
of the stadium  cavity.
The ease with which the resonance modes can be lo­
cated and visualised over a wide range of frequencies 
makes the Schlieren system  a valuable tool for study­
ing the eigenfunctions, and to a limited extent the spec­
tra, of 2-dimensional cavities. The main disadvantage of 
the current experim ental setup is the low Q-factor of the 
acoustic system , preventing spectra from being obtained 
at high frequencies. It is proposed that alternative acous­
tic arrangements, perhaps involving excitation of fluid 
filled shells in air, would yield significantly higher Q- 
factors, perm itting a greater number of resonance modes 
to be resolved and spectra obtained. A preliminary study 
undertaken by the authors has demonstrated that such 
a technique could, with care, be incorporated into the 
Schlieren visualisation system .
T he association of periodic orbits with the acoustic 
wavefunctions of the stadium has been demonstrated, 
and the appearance of scarlets at higher frequencies 
noted. The im portance of considering the effects of over­
lapping resonance states in realistic scattering system s 
has been noted.
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FIG  2. A coustic wavefiolds within the stadium  cavity. Fre­
quencies are (a ) 150 Okllz, (b ) 720.2A'lit,  (c ) 2 6 1 .1 t / /r ,  (d) 
6 64 .8kHz and (e) 2 .5Mil:  Different angles o f the incident
beam  (not sh ow n ) were used to excite  each resonance [see Fig. 
1 (inset).]
FIG. 3. W avefields within the circular cavity (a ) 218k llz
and ( b) 2 .5 A ///r .
I
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A ppendix B
Details of the elliptical coordinate system and Mathieu’s equations are given. Further 
details can be found in Morse & Feschbach (1946), McLachlan (1947) and Abramowitz 
& Stegun (1972).








{ j sinh2  p
= 1 (B l.l)
with foci at ± / / 2  and is described as the ‘radial’ coordinate. The elliptical coordinate v 
represents a family of confocal hyperbolae;
n 2 2
2 I COS V
+
 ^j s in 2v
= 1
(B1.2)
with the same foci and is described as the ‘angular’ coordinate. The p and v intersect
everywhere orthogonally and define a coordinate system whose relation to the cartesian 
coordinates (jc,y) is given by
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/  /  (B1.3)
x  = -c o sh p c o sv  and y  = -s in h p sin v .
There are in fact an infinity of elliptical coordinate systems corresponding to the 
different values of / .
The circular limit is obtained as p -»«> an d / —> 0 . In this limit we then have the 
relation
/  f  (B1.4)
-c o sh p  —> -s in h p  —> r as /  —> 0
where r is the radial polar coordinate. In this same limit the hyperbolae (v) become
straight lines, passing through the origin (the point at which the two foci coalesce), and 
inclined at an angle (j) to the major axis;
v —> (J) as /  -> 0 (B1.5)
where § is the angular polar coordinate. We have therefore recovered the circular polar
coordinate system from the elliptical system in the above limit.
An ellipse of semi-major axis / and semi-minor axis s can be described by a single 
coordinate |i<„
p0 = tanh
J s ' \  (B1 .6 )
l~ h
This is a dimensionless quantity; the actual ‘size’ of the ellipse depends upon the 
interfocal distance /.  The eccentricity (e) of such an ellipse is given by
e = sech[L0 . (B1.7)
If the shape of an ellipse is changed in such a way that its circumference (Lc),
4  = n (s+ l ) ,
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remains constant and equal to tha t of a circle of radius b , then the dimensions of the 
major and minor axis are related by
U s  (B1.8)
6  =  —
B2 M athieu s  equations
The two-dimensional wave equation in elliptical coordinates separates into two equa­
tions; Mathieu’s equation and Mathieu’s Modified equation. Mathieu’s equation,
a 20  (B2.1)
— r + (i -  2q cos 2v)G = 0
dvl
has solutions of period n, and solutions of period 2 k; each of which can have even (e) or 
odd (o) symmetry about v = 0  . These solutions are the ‘Mathieu functions’;
© = ce2n(y,q) = X cos(2rv) (e,n)
r =  0
Q = ce2n + i(v ,^ )=  X cos((2r + 1 )v) (e,2n)
r =  0
0  = so2n(v,q) = £  B% sin(2rv) (o, n)
r = 0
© = 'sc,2, + i(v.? )=  I  B2r7 1sin((2r+ l)v) (o,2n).
r =  0
Recursion relations exist between the coefficients (A and B). The corresponding
separation constants, or ‘characteristic values’, (i), are labelled and
respectively and are each the roots of ‘continued fraction’ equations given below.
The following definitions are made;
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D =






'  Br_ l
(B2.4)
and each of the four solutions given in turn;
ce 2n
d2 r is the root of
2  1 1  
0  d 2-  d 4-  d 6- . . .  -~
and the coefficients given by
Ge 2  — D 0
Ge =





Dr - G e r + 2  
with the normalization condition
A 0  + X A2„ -  1
n = 1
C e 2n +1
fljr+i is a root of
1 1 1
D ' 1 b 3-  £>5-
and the coefficients given by
1
. . .  =0
Ge3 = D j — 1 , Ger = 
with normalization 
£  A ^  + i — 1
n = 0
Dr - G e r + 2
34r > 3
££2n
is a root of
d 2-  1  * . . . - 0
D 4  — D^ —... 
and the coefficients given by 
Go 4  = Z) 2
Go, = 7 :— f - —  r > 4Dr — Go r + 2
with normalization
2 B l  = l
n = 1
S 0 2n +1
b2 f + 1 are the roots of
£>,+ 1 1 — — - — — - — ... = 0
D 3 — D$ — D j—. . .
and the coefficients given by
Go$ = D l + 1 , Gor —
with normalization
^ 2/J + l — 1
n =0
1
Dr - G o r + 2
r  > 3
(B2.5)
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R ad ia l M ath ieu  fu n ctio n s
The Modified Mathieu’s equation is
<?i „ (B2*6)
3 |i2
—  -  (l -  2q cosh \i)j = 0 ,
whose solutions are the Modified Mathieu functions;
oo
j  = j e 2AP-<<7) = X cosh(2r|i) (e,n)
r = 0
OO
j = j e 2„.i(H><7) = X A^+Vcosh((2r + l)|i) (e,2n)
r =  0
OO
j  =  jo 2JP-, q ) =  1  Bl:  sinh(2r jj.) (o , n)
r = 0
J = j o 2n + t(\i,‘l ) =  X B ^+,' sinh((2r + l)jl) (o,2n)
r =  0
(B2.7)
The coefficients 04, Z?) and separation constants (i) are the same as for the corresponding 
Mathieu functions given previously.
There are also a second set of solutions to the Modified Mathieu’s equation, but 
these are not needed for the field inside an elliptical boundary.
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A ppendix C
Cl Reduced subscript notation
Symmetry properties of the forth-rank stiffness tensor of an elastic medium allow it to 
be written as a matrix using the reduced subscript notation whereby the following pairs 
of subscripts are replaced by single subscripts;
11 —^ 1, 22 —> 2, 33 —^ 3, 23 —^ 4, 13 —^ 5, 12 —^ 6.
Using the same notation the second rank stress and strain tensors are written as vectors. 
C l . l  Differential operators













0 fd _ 0d_ dx
dz
d_
















C l.2 Bond stress transformation matrix
In the reduced subscript notation the stiffness m atrix in a rotated coordinate system 
Cr/,y ',z/) is given by
C  = MCA/' 
where M is the Bond stress transformation matrix,
(C1.2)
C l.l  Differential operators
C2 Christoffel m atrix for orthotropic media 180
M =
' 4 4 4 ^ x y ^ x z ^ ^ x z^ x x '^ x x ^ x y
4 4 4 '^ y y ^ 'y z '^Q yzQ yx '^^’yx ^ yy
4 4 4 '^Q’zy^ zz 2 * ZZ&ZX ^ ^ z x ^ z y
^ y y ^ z y ^ y z ^ z z ^ y y ^ z z  d y z ^ z y Q yx ^ zz  d y z ^ z x ^ y y ^ z x  d y x ^ z y
^ zy ^ x y @xy@zz ^ x z^ zy &xz@zx &xx&zz <*xx<*zy +  G xydzx
y& ]a flyx ^ x y ^ y y ^ x z ^ y z ^ xy& yz ^ xz& yy ^ x z ^ y x  @xx&yz ^ x x ^ y y  ^ x y ^ y x  j
(C1.3)
and where the ai} are elements of the coordinate transformation matrix. For example, 
rotation through an angle 0  about the x-axis is described by
(C1.4)
a =
1 0  0
0 cos 0 sin 0
0 -  sin0 cos0
C2 C hristoffel m atrix for orthotrop ic m edia
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Using these operators, and the orthotropic stiffness matrix (C,y), in the Christoffel 
equation (6.10) the Christoffel matrix elements for orthotropic media are found to be
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^ 1  1 = Cl l^ JE CfalCy + C j ,  
r 2 2  = + C 2 2 &y + C|4^z
^33 = ^55^x ^44^v + ^33^z
^ 1 2  = ( ^ 1 2  C(&)lcx/c 
1^3 = (C13 + C55)lcxlc
^23 = (^23 C^/CylC;
(C2.3)
where £, are the direction cosines of the wave.
C3 Spectral d isp lacem en ts w ith in  th e  layer
Spectral variables, such as the spectral displacement vector (t/,), are defined by relations 
of the form
U f r . y . z )  = \ u , ( K , k y, . ) e Ul^ dkxdky
U;(kx,ky,z) = j  jU i (x ,y , z )e  >(xkj!+yky)dxdy.
(C3.1)
(C3.2)
With this definition the spectral form of equation (6.10) becomes, after lengthy algebra,




where, for orthotropic media, the matrices A,B and D have non-zero elements;
A \ \  — C u k x + C ^ k y  pCO
^12 = 2^1 = ip\2 Codkxky 
^ 2 2 = Cfakx C2iky — pco
^ 3 3  = "*■ ^ 4 4^y — pO)
^13~^31— (^13 *^55)^ x
B22 = ^ 3 2  = ~(p23 ^44)^y
D n = —C55, D 2 2  — C 4 4
^33 = “ ^33 *
(C3.4)
Equation (C3.3) is a second order differential equation whose solutions are of the form
Uj(kx,ky,z)  = Uj(kx,ky)e,yz. (C3.5)
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Substituting this solution back into (C3.3) leads to an equation in the unknowns y,
(C3.6)
requiring
| ' f D  + y B  - A  | =  0 , (C3.7)
which is cubic in y2;
‘f + b ly A +  b 2y i + b 2 =  0 (C3.8)
where
£>i=~
( A n D 22D 33 +  D u ( A 22D 33 +  A 33D 22)  +  D  \ \ B 23 +  D 22B 13)
b 2 =
D nD 2 2 D 3 3
^ l l ( ^ 2 2 ^ 3 3  + ^ 3 3 ^ 2 2  +  ^ 23)  + ^ 2 2 ^ 3 3 ^ 1 1  “ ^ 1 2 ^ 3 3  +  ^ 1 3 ^ 2 2  — ^^12^ 13^23
D \\D 2 2 D 3 3
(C3.9)
b, = ^12^33 “ ^11^22^33
D n D 22D 33
The six roots of this equation (eigenvalues of (C3.7)) are labelled yl (I = 1 6 ) and the
corresponding eigenvectors U -} = W) are found, by solution of equation (C3.6), to be
(C3.10)
f X '(A3 3- D 31/ ' 2) (A22- D 22/ )2)-fi23-/'12"
wy = BttBurf * — A|2(A33 — ^ 33V *)
w !V z) , ~B23A I2'/  + B n(A22-  D22i ) ) * /  ^
for non-degenerate eigenvalues Y, and
f F ml,r  j: (  R }23 ( w )1 X
Vj7-y — ~^Bl 3 and W y —
w mV v z J 0 J w nV y ZJ \
- B n f  
- B 2 3 Y
- f ^ + B ^ K A ^ - D ^ 2)
(C 3.ll)
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for eigenvalues Y” and yn that are equal.
The general solution is a linear combination of these six eigenvectors;
Ut(kz,kt ,z)  = L‘ W) e ‘ 
where the L 1 are unknown coefficients.
/ = 1 —> 6  
j = x , y ,2 (C3.12)
C4 Spectral s tresse s  w ith in  th e  layer
An expression for the spectral stresses within the layer is now derived. The spectral 
forms of the stress-strain equation (6.2) and the strain-displacement equation (6.3) 
together relate the spectral stresses (7) to the spectral displacements (U) in the layer;
% ~ c ,  V„ U k . (C4.1)
Substituting the expression for the spectral displacements (C3.12) gives
_  r 1  TT^'V2%(kx,ky,z) = L Q;e
where
Q > c , v j tw[ fo,1.-,3-*]
(C4.2)
(C4.3)
Of these six components of stress, only those three that apply to planes of constant z are
required, that is ; %x = %,%y = %,%z = %. The corresponding elements of Q are found to 
be
(C4.4)
We have therefore found both the spectral displacements (C3.12) and spectral stresses 
(C4.2) at the surfaces of the layer in terms of six unknown constants Ll.
( 5 T ri{ClA w [ + c 23k X + c ^
Q\ — iCtlkyW t + '/W y)
i c 5{ k X + i w ' ' )
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C5 Sp ectral stiffn ess  rela tion
A ‘stiffness’ relation between surface spectral stresses and displacements is derived. We 
firstly form a vector of interfacial displacements <£i= [t/1,!/2] whose components are 




u' = Uy(d) TP = u y(0)
J7.W),
F or each of these displacements the corresponding stresses in the elastic layer, T s  [2\7], 
are written
(C5.2)
These components of displacement and stress at the first (z= d ) and second (z = 0 ) 
surfaces of the layer can be deduced from equations (C3.12) and (C4.2) to be
'7,(0)N





P l L lr N  u  »
K =  W ‘x e ^ d p [ =  Q \ e
i ^ d
n a.
P ‘z =  Q \ e
i"Jd
= W [ e d d p lr  3 =  Q ' s e i ' jd
K = w X P i =  Q ‘s
=f; P ' s = q \
K =f; P ' s =  Q ‘s
(C5.3)
(C5.4)
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The unknown coefficients (L‘) can be eliminated between the two equations in (C5.3). 
Multiplying the first by R_1 gives
,-i,"
with which the second can be written
%(kx,ky) = I/>^] [/?-']" V u ik M ,
or, in matrix form,




where Sij are 3x3 submatrices of PR \  that is;
^ > 1 1  ^ 1 2  ^








This then is the relationship between the stresses in the layer at interfaces and the 
displacements of these interfaces. At a given frequency © and given wave numbers (kx 
and ky), the elements of the matrix s  (the spectral ‘stiffness coupling matrix’) are 
functions of the elastic constants, density and thickness of the layer material.
C6 Fluid loading
Similar relationships between stress and displacement can be derived for the fluid half 
spaces that bound the elastic layer (Figure 6.5). The geometry is such that a common 
factor of e,wc can be omitted from all equations. In a fluid, waves of the form
P = A +e ,yz+A_e -iyz (C6 .1 )
can propagate, where P is the acoustic pressure. The component of displacement normal 
to the layer is given by
C6 Fluid loading
C6 Fluid loading 186
U , =
1 dP
p /0 2 dz
i y
p /o 2
i A , e i v - A . e - iv ).
(C6 .2 )
In the upper half-space waves will propagate in the +z direction due to the motion of the 
upper interface; hence A_ = 0 and




=  J W L V \
(C6.4)
Similarly, in the lower half-space waves will propagate in the -z direction only, giving
, /p,-C02 , (C6.5)
P 2  = U?.
These equations relate the normal stresses (T„ = -P) in the fluid to the normal
displacements of the interfaces, just as (C5.7) does for the elastic layer. The fluid cannot 
support shear deformation and so there are no relations between tangential displace­
ments of the interfaces and stresses in the fluid. W riting the equations in matrix form 
gives, for the upper (1 ) and lower (2 ) half-spaces respectively,
T '  = - Sf U 1
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A ppendix D P ublications
During the course of the programme of research described in this thesis, several inter­
national conferences were attended, and some of the work described here was presented. 
The published papers arising from these conferences are listed below.
• A n iso tropy  in  th e  acoustic  tran sm iss io n  p ro p e rtie s  o f  fib re -re in fo rced  
lam inates, V. F. Humphrey and P . A. Chinnery
in Ultrasonics International 93 Conference Proceedings, 387-390 (1993).
* R esonances o f deform ed cy lin d rica l shells - ex p e rim en ta l v isu a liza tio n  an d  
id en tifica tio n , P. A. Chinnery and V. F. Humphrey
in Proceedings of the 2nd European Conference on Underwater Acoustics,
Vol. 1  159-164(1994).
* M easu rem en t an d  ca lcu la tio n  o f th e  acoustic  c h a ra c te r is tic s  o f fib re-re­
in fo rced  p an e ls  - th e  in fluence  o f aniso tropy, V. F. Humphrey and P. A. Chinnery 
in Proceedings of the 2 nd European Conference on Underwater Acoustics,
Vol. 1 279-284(1994).
• R eso n an ces in  aco u stic  s c a tte r in g  by cy lin d rica l objects,
P. A. Chinnery and V. F. Humphrey
in Proceedings of the Institute of Acoustics, Vol. 16 Pt. 6  51-58 (1994).
Also, currently in preparation (for Physical Review Letters) is a paper entitled; 
E x p e rim en ta l v isu a liza tio n  o f acoustic  reso n an ces  w ith in  th e  s tad iu m , 
which is included in this document as Appendix A2 .
In an attem pt to further advance the research in the area of complex materials, the 
author also organised a one day conference entitled Acoustics o f Advanced Materials for 
Underwater Applications' (Chinnery, 1993). This conference, organised on behalf of the 
Institute of Acoustics, brought together researchers working on other aspects of the 
problems being dealt with in the present programme of work.
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A ppendix E N om enclature
The symbols used in the main body of this document are listed here with their meanings. 
Some of the symbols have different meanings in the appendices and these shall not be 
listed. Throughout the document, subscripts and superscripts are sometimes dropped 
where the meaning is clear, and other diacritics must be used.
The main subscripts and superscripts used to label the variables associated with dif­
ferent wave-fields or media are listed here:
Subscripts:
ex total external field (scattered plus incident fields)
/  fluid param eter (water in all cases in this document)
fl  field in the fluid column
in incident field
/ longitudinal (compressional) wave param eter
s transverse (shear) wave parameter
sc scattered (reflected) field
tr transm itted field
Superscripts
X1,2 quantity at top/bottom (front/back) interface of layer
X* complex conjugate of X
X' derivative of X with respect to its argument
X,X time derivatives of X
Xe o solutions of even/odd symmetry
X spectral form of variable X (defined in Appendix C3)
Note: the wave numbers for an isotropic elastic media are denoted „ and (in Chapter 6  
only) those in anisotropic media are denoted k (no subscript). The wave number for a 
fluid  is also denoted k , its meaning being clear from the context in which it appears.
Roman symbols
a outer radius of the cylindrical shell
An coefficient in Normal Mode Series for the field in the fluid column
A, antisymmetric Lamb waves
b inner radius of the cylindrical shell
B„ coefficient in Normal Mode Series for the scattered field
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cf, ch c, speed of sound in fluid (f ) and isotropic media (l ,s )
CijU stiffness tensor
cen Mathieu functions of order n; even solutions
C stiffness matrix for elastic media
d thickness of planar or cylindrical layer
dn normal to ellipse
e eccentricity of ellipse (deformed shell)
EQjt) optical field after passing through acoustic field
E0  amplitude of optical field
£/(r, t) optical field in the image plane of the Schlieren system
ET(r\,t) optical field in the diffraction (transform) plane of Schlieren the system
Er (r\,t) optical field after spatial filtering
f  yfatfb interfocal distance; of outer (a) and inner (b) elliptical boundaries
/(r,<J>) form function
F 1 , 2  external forces (stresses) applied to the interfaces of the layer
7  vector of interfacial applied forces (F \ F 2)
h focal length of the mirrors in the Schlieren system
metric in elliptical coordinate systems 
Hl{kr) Hankel function
/(r ,/) intensity in the image plane of the Schlieren system
3(rj) spatial filter function (Schlieren)
j(p) pseudo-radial part of the pressure in elliptical coordinates
je„ radial Mathieu functions of order n; even solutions
jo„ radial Mathieu functions of order n; odd solutions
J„(kr) Bessel function of order n
k,k„ks wave numbers in fluid and elastic media (see note above)
/ semi-major axis of ellipse (at inner surface of shell)
C separation of orders in diffraction plane of the Schlieren system
L interaction length in the Schlieren system
truncation length of the parametric array 
elements of the Bond transformation matrix 
p(r) spatial part of the acoustic pressure field in the Schlieren model
Pin,,c,fl,tr.cx pressure fields in fluid media
Piay pressure in an ‘acoustic’ layer (shell)
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Pn>qn,rn,sn products of Bessel functions and derivatives (Abramowitz, 1972 pg. 361)
q,qb parameters in Mathieu’s equation and its solutions
r,R radial polar coordinate (range from cylinder centre, point in the field of the
parametric array)
91 reflection coefficient of an elastic layer
s semi-minor axis of ellipse (inner surface of shell)
s = k(d\iJdp ),L; constant in Schlieren model
son Mathieu functions of order n; odd solutions
S„,Sr slowness; normal to layer (n), and in the plane of the layer (r)
S, symmetric Lamb waves
Sf  ‘stiffness’ matrix for fluid half-spaces
S stiffness matrix for system (layer and fluid half-spaces)
S stiffness coupling matrix for an elastic layer
t time
T, Love waves
r u  stresses in fluid  a t interfaces of the planar layer
T stress vector (or tensor) for elastic material
U displacement
Zl vector of interfacial displacements (U\ U2)
V particle velocity
Vn phase velocity of plate waves in planar layer
w vector potential in isotropic media
Xtnp closely related to Ztnp (h ^ inp = Zinp)
Yn(kr) Bessel function of second kind
Zinp surface input impedance of layer (planar or circular)
Zcirc surface impedance of circular shell
ZL = pc,; impedance of layer material (planar or circular)
Zw impedance of external fluid (planar or circular)
K,y function involving spatial filter (3) and products of Bessel functions
( 0 ^ adiabatic piezo-optic coefficient
Greek symbols
a  x -component of wave number in the plane of the layer
P y -component of wave number in the plane of the layer
y component of wave number normal to layer
Appendix E Nomenclature
Appendix E Nomenclature 191
r
percentage deformation of cylindrical shell 
Christoffel matrix
Kroneker delta
5 phase of acoustic pressure field in Schlieren model
Neumann function; e„ = 1 if n = 0 , 2  if n>  0
C scalar potential in isotropic media
n spatial coordinate vector in diffraction plane of Schlieren system
0 angle of incidence (for planar layer and elliptical shell)
©(v) ‘angular’ part of pressure field in elliptical coordinates
in-plane wave numbers of plate waves in elastic layer
i separation constant in Mathieu’s equations
K optical wave number
A function of 0 , 0 o,<j> and <j>0 in expression for parametric source
pseudo-radial coordinate (elliptical systems)
Ho pseudo-radial coordinate of inner and outer surfaces of deformed shell
V ‘angular’ elliptical coordinate
V„ Raman-Nath param eter
n plane wave transmission coefficient of elastic layer
n plane wave transmission coefficient modified to account for layer
tl/TWJ transmission coefficient measured with a parametric source
P/>P density of fluid/elastic media
a phase variations of light wave passing through the acoustic field
Z strain tensor/vector
submatrices in stress-displacement relation for an isotropic layer
4> azimuthal incidence angle for anisotropic layer (angle with fibre direction)
X
angular polar coordinate for cylindrical geometries 
ratio of impedances = Zw/pc,
v ,y 0 field of a parametric array with/without panel present
CO angular frequency
0(0,40 plane wave spectrum of parametric array
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